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Abstract

We present algorithms based on satisfiability problem (SAT) solving, as well as answer
set programming (ASP), for solving the problem of determining inconsistency degrees in
propositional knowledge bases. We consider six different inconsistency measures whose
respective decision problems lie on the first level of the polynomial hierarchy. Namely,
these are the contension, forgetting-based, hitting set, max-distance, sum-distance, and
hit-distance inconsistency measures. In an extensive experimental analysis, we compare
the SAT-based and ASP-based approaches with each other, as well as with a set of naive
baseline algorithms. Our results demonstrate that, overall, both the SAT-based and the
ASP-based approaches clearly outperform the naive baseline methods in terms of runtime.
The results further show that the proposed ASP-based approaches perform superior to
the SAT-based ones with regard to all six inconsistency measures considered in this work.
Moreover, we conduct additional experiments to explain the aforementioned results in
greater detail.

1. Introduction

The handling of conflicting information is a substantial problem in symbolic approaches
to Artificial Intelligence. For instance, different expert opinions could (partially) contra-
dict each other, rule mining algorithms could yield conflicting rules, or data gathered from
sensors could be noisy or otherwise distorted. Thus, inconsistencies can occur in virtually
any area of application, and require to be detected and handled. The field of inconsistency
measurement (Grant & Martinez, 2018; Thimm, 2019) provides an analytical perspective
on this matter by facilitating the quantitative assessment of the severity of inconsistency
in formal knowledge representation formalisms. Representing the degree of inconsistency
as a numerical value may assist automatic reasoning mechanisms on the one hand, and
human modellers who aim to identify and compare multiple alternative formalizations on
the other hand. Moreover, such an analysis can be used to identify conflicts, and conse-
quently also help to restore consistency to an inconsistent knowledge base. Inconsistency
measures have been used to estimate reliability of agents in multi-agent systems (Cholvy,
Perrussel, & Thevenin, 2017), to analyze inconsistencies in news reports (Hunter, 2006), to
support collaborative software requirements specifications (Martinez, Arias, & Vilas, 2004),
to allow for inconsistency-tolerant reasoning in probabilistic logic (Potyka & Thimm, 2017),
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to handle inconsistencies in business processes (Corea, Thimm, & Delfmann, 2021; Corea,
Grant, & Thimm, 2022), and to monitor and maintain quality in database settings (Decker
& Misra, 2017; Bertossi, 2018a). For a general overview of the subject, see the seminal work
by Grant (1978) and the edited collection by Grant & Martinez (2018).

In the literature, a multitude of different inconsistency measures have been introduced.
Some approaches conceptually rely on minimal inconsistent sets or maximal consistent sets
(see, e.g., (Hunter, Konieczny, et al., 2008; Jabbour, Ma, & Raddaoui, 2014; Ammoura,
Raddaoui, Salhi, & Oukacha, 2015)), others rely on non-classical semantics (see, e. g., (Grant
& Hunter, 2011; Ma, Qi, Xiao, Hitzler, & Lin, 2009; Knight, 2002)), and yet others utilize
further properties (see, e.g., (Thimm, 2016b)). However—and despite the above list of
applications and consequent need for practical working solutions—algorithmic approaches
to inconsistency measurement have received only little attention so far. Ma et al. (2009)
propose an algorithm that approximates the inconsistency value of a newly proposed in-
consistency measure and evaluate it with respect to computational complexity. Likewise,
Xiao & Ma (2012) present two new inconsistency measures and perform a complexity anal-
ysis on their decision problems, both of which are found to be on the second level of the
polynomial hierarchy. They also develop and evaluate a practically feasible anytime algo-
rithm. McAreavey et al. (2014) note that there is a lack of practical implementations for
inconsistency measures that employ minimal unsatisfiable subsets, and develop and evaluate
an algorithm for enumerating such subsets. Jabbour & Sais (2016) describe two algorithms
for their newly introduced inconsistency measure, but do not evaluate them with regard to
performance or complexity. Thimm (2016b) designs and evaluates evolutionary algorithms
for two inconsistency measures. Bertossi (2018b) proposes an inconsistency measure for
databases that can be computed using answer set programming and analyzes its complex-
ity.

As the above overview shows, most algorithmic studies of inconsistency measurement
focus on individual inconsistency measures and have failed to address systematic compar-
isons of algorithms and complexities. In response, one of the contributions of the survey by
Thimm & Wallner (2019) was to determine the complexity levels of a large number of incon-
sistency measures. The authors concluded that the problem of inconsistency measurement
is hard in general, but that there are certain measures which are more suitable candidates
for practical applications due to their complexity class. Based on these findings, for a selec-
tion of three different inconsistency measures whose corresponding decisions problems—i. e.,
deciding whether a certain value is an upper or lower bound of the inconsistency value, or
whether it corresponds exactly to the inconsistency value—were found to be on the first
level of the polynomial hierarchy, a set of algorithms based on Answer Set Programming
(ASP) has been introduced in (Kuhlmann & Thimm, 2020) and (Kuhlmann & Thimm,
2021). Namely, these measures are the contension inconsistency measure (Grant & Hunter,
2011), the forgetting-based inconsistency measure (Besnard, 2016), and the hitting set in-
consistency measures (Thimm, 2016b) (for their formal definitions, see Section 2). Those
three measures were not only selected because of their associated complexity class, but
also because they each give a different perspective on the inconsistencies in a given knowl-
edge base, meaning that they could each provide different information that could be used
to subsequently restore consistency. The contension inconsistency measure tells us which
propositions are involved in a conflict, while the forgetting-based inconsistency measure
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tells us which occurrences of each proposition are involved in a conflict, and can therefore
also point to specific formulas. In addition, the forgetting-based measure is, to the best of
our knowledge, the only inconsistency measure in the literature that is based on the no-
tion of atom occurrences. The contension inconsistency measure serves as a representative
example of inconsistency measures based on non-classical semantics (see, e.g., (Ma et al.,
2009; Knight, 2002) for other examples of such measures). The hitting set inconsistency
measure offers a further perspective by considering how many different interpretations are
minimally needed to (individually) satisfy all formulas. This measure was originally de-
signed for streaming-based applications, such as Linked Open Data. With regard to such
applications, the development of efficient algorithms is of great interest.

In (Kuhlmann & Thimm, 2021), the three ASP-based approaches were implemented
and compared to naive baseline implementations in an experimental evaluation. As an-
ticipated, the result of the study was that the ASP-based implementations were clearly
superior. Furthermore, in (Kuhlmann, Gessler, Laszlo, & Thimm, 2022), a revised version
of the ASP-based approach for the contension inconsistency measure is proposed, in ad-
dition to an approach based on satisfiability problem (SAT) solving. The latter is widely
used in applications such as hardware verification (Biere, Cimatti, Clarke, Fujita, & Zhu,
1999; Vizel, Weissenbacher, & Malik, 2015), electronic design automation (Marques-Silva &
Sakallah, 2000), or cryptanalysis (Mironov & Zhang, 2006; Nejati & Ganesh, 2019). This,
in addition to the fact that there exist highly optimized SAT solvers (see the results of
the annual SAT competition® for an overview), makes it a natural approach for computing
inconsistency measures on the first level of the polynomial hierarchy. Moreover, SAT and
ASP have been compared wrt. other applications before (see, e. g., (Banbara, Gebser, Inoue,
Ostrowski, Peano, Schaub, Soh, Tamura, & Weise, 2015; Eyupoglu, Fidan, Gulesen, Izci,
Teber, Yilmaz, Alkan, & Erdem, 2021)). The results of the study show that both the ASP
and the SAT approach clearly outperform the naive baseline method, but ultimately the
ASP approach performs superior to the SAT approach.

In the work at hand, we follow up on (Kuhlmann et al., 2022) by greatly extending the
scope of the considered measures and the depth of the experimental evaluation. For that,
we revisit the proposed SAT-based and ASP-based approaches for the contension incon-
sistency measure and we present SAT-based approaches for the forgetting-based and the
hitting set inconsistency measure, as well as revised versions of the corresponding ASP-based
approaches introduced in (Kuhlmann & Thimm, 2021). Moreover, we propose both a SAT-
based and an ASP-based approach for each of three different variations of the distance-based
inconsistency measure (Grant & Hunter, 2017), which are likewise on the first level of the
polynomial hierarchy. Further, the distance-based approach offers yet another perspective
on the notion of an inconsistency than the three previously discussed measures—Grant &
Hunter (2017) view the models of the formulas in a knowledge base as points in Euclidian
space. The authors also point out how these measures can be used in applications such
as the evaluation of violations of integrity constraints in databases. We consider the maz-
distance, sum-distance, and hit-distance inconsistency measures. Their formal definitions
follow, along with those of the other measures, in Section 2.

1. http://www.satcompetition.org/
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Hence, we examine a total of six different inconsistency measures in this work (the
contension, the forgetting-based, the hitting set, the max-distance, the sum-distance, and
the hit-distance inconsistency measure), and present one SAT-based and one ASP-based
approach for each of them. With regard to each measure, we compare the SAT and the ASP
approach to each other, as well as to a naive baseline method in an experimental evaluation.
More precisely, we conduct our experiments on a total of five different data sets. Whilst two
of them were used in the literature before (Kuhlmann & Thimm, 2021; Kuhlmann et al.,
2022), the three other data sets are newly introduced and made publicly available. Further,
we investigate the runtime composition of the SAT-based and the ASP-based approaches
in more detail. In addition to the runtimes, we also record the actual inconsistency values
resulting from the different inconsistency measures on the various data sets. Based on
that, we conduct an experiment in which we compare different search strategies wrt. the
SAT-based methods. Overall, the results of our experimental analysis confirm that both
the SAT-based and the ASP-based approaches perform superior to the baseline algorithms.
Nevertheless, the results also show that the ASP-based approaches altogether outperform
the SAT-based ones.

In the following, we give a concise overview of the structure of this paper. We first
provide the required preliminaries on inconsistency measurement in Section 2. Sections
3 and 4 comprise detailed descriptions of our SAT-based and, respectively, ASP-based
algorithms. Section 5 encompasses an evaluation, in which we compare the SAT-based and
the ASP-based approaches with each other, and additionally, we draw a comparison with
the naive baseline methods. Section 6 concludes this work by providing a brief summary of
our results, as well as an overview of possible future work.

2. Preliminaries

The inconsistency measures examined in this work are all designed to be applied in propo-
sitional logic knowledge bases. A knowledge base K is a finite set of propositional formulas,
and we define K as the set of all propositional knowledge bases. Formulas are constructed
by means of the usual connectives negation (=), disjunction (_), and conjunction (). Some
algorithms defined in Section 3 and 4 use the notion of subformulas. The set of subformulas
of a formula ® is denoted by sub(®) and is inductively defined in the following manner.

Definition 1. Let ® be a propositional formula. If ® is a proposition X, the only sub-
formula of ® is the proposition itself, meaning sub(X) = Xg. If ® is a negation =¥, the
subformulas sub(= W) are given by £z Wg[sub(¥). The subformulas sub(¥y / Wq) for a for-
mula W1 / Uy, where / 2 7, _Q is a binary operator, are Uy / Uog [sub(¥y) [sub(¥s).

Analogously, we define the set of subformulas sub(K) of a knowledge base K:

sub(K) = L sub(A)
A2K

Observe that we denote arbitrary formulas and subformulas as ®, and formulas that are
explicitly elements of a knowledge base as A. If a finer granularity is required, we may use
the notation W for the subformula of .
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We denote the signature of a propositional formula or knowledge base, i. e., the (propo-
sitional) atoms appearing in it, as At( ). Formulas can evaluate to either true (abbreviated
as t) or false (abbreviated as f). An interpretation is a function ! : At ¥ ft;fg that
assigns truth values to all atoms. An interpretation ! satisfies an atom X 2 At if and only
if 1(X) = t, represented by ! j= X. For non-atomic formulas, the satisfaction relation
is extended recursively according to the truth-valued functions of the connectives as usual
(see (van Harmelen, Lifschitz, & Porter, 2008)).

An interpretation that satisfies a formula & is also called a model of ®. For every
interpretation I, if ! is a model of a formula ®; if and only if ! is a model of another
formula ®5, then ®; and ®o are called logically equivalent. A knowledge base is satisfied
by an interpretation if all of its formulas are satisfied. Throughout this paper we denote
the set of models of a knowledge base K by Mod(K) and the set of interpretations wrt. the
signature At(K) by Q(At(K)).

A formula ® is inconsistent if there is no interpretation that satisfies it, meaning
Mod(®) = ;. By extension, a knowledge base K is inconsistent if Mod(K) = ;. Let
R:"0 be the set containing all non-negative real numbers and 1.

Definition 2. An inconsistency measure is a function 1 : K 1 RlO which satisfies 1 (K) =
0 iff K is consistent, for all K 2 K.

Many different inconsistency measures and properties that characterize these measures
have been proposed. To illustrate why there are many ways to define the severity of incon-
sistency, consider the following example.

Example 1. Let At = Tsunny; cloudyg, where sunny represents “it is sunny” and cloudy
represents “it is cloudy”. The following knowledge bases are inconsistent:

1. Ky = f: cloudy; cloudy; sunnyg
2. Ko = f:cloudy _ - sunny; cloudy _ sunny; sunny B cloudyy

If our aim was to decide which of these knowledge bases is more severely inconsistent,
there are different aspects to consider. The first knowledge base has a more obvious and
easily fixable conflict (remove either : cloudy or cloudy), but it also includes a formula that
is not involved in any conflict (sunny), meaning it contains non-zero information even if
the conflict cannot be repaired. The second knowledge base has a more hidden conflict
(all three formulas are required to produce the inconsistency); nevertheless, since all of its
formulas are involved in the conflict, there is no “safe” formula that does not participate in
any conflict, and the whole knowledge base needs to be discarded if the conflict cannot be
repaired.

2.1 The Contension Inconsistency Measure

The contension inconsistency measure I, (Grant & Hunter, 2011) is based on Priest’s three-
valued logic (Priest, 1979). The latter extends the truth values of propositional logic—true
(t) and false (F)—by a third value both (b), also referred to as the inconsistent or paradoxical
truth value. The semantics for this three-valued logic are specified in Table 1. Further, a
three-valued interpretation 13 : At(K) ¥ ft; f;bg assigns one of the three truth values to
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Table 1: Truth table for Priest’s three-valued logic. The rows that differ from classical
propositional logic are marked in gray.

each atom in the signature At(K) of the knowledge base K. Further, a three-valued model of
a knowledge base is an interpretation 13 that does not assign f to any formula. Therefore, a
formula is satisfiable if it evaluates to either t or b in some interpretation. The set of three-
valued models of a knowledge base K is denoted by M0d3(K). For a given three-valued
interpretation 13, we denote the set of atoms that are assigned b as the Con ictbase(!?).

Example 2. The knowledge base K3 = X; 2Xg is unsatisfiable in propositional logic but
satisfiable in Priest’s three-valued logic. The interpretation V3 on X with 13(X) = b is a
three-valued model for Ks with Con ictbase(13) = fxg.

Definition 3 (Grant & Hunter (2011)). The contension inconsistency measure 1,(K) :
K ¥ Ng is defined as

1.(K) = minfjCon ictbase(1?)jj 13 2 Mod?(K)g:

In other words, the contension inconsistency value is the minimum number of atoms
in a knowledge base that need to be assigned b to produce a three-valued model of the
knowledge base. The maximum inconsistency value is jAt(K)j, because there can only be
as many b assignments as there are atoms in the signature.

Example 3. Let Ky = fXy; 1yg. The interpretation 13 : fx;yg ¥ ft;b; g with 13(x) =t
and 13(y) = b is a three-valued model for K4 with Con ictbase(13) = fyg. There is no
model that assigns b to 0 atoms, therefore minfjCon ictbase(13)jg = jfygj = 1, and hence
1.(Ky) =1.

2.2 The Forgetting-Based Inconsistency Measure

In order to define the forgetting-based inconsistency measure, we first require the definition
of atom occurrences in formulas. Let ® be a propositional logic formula and At(®) its
signature. An atom X 2 At(®) can appear multiple times in ®. Each of these appearances
is called an occurrence of X.
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Definition 4. Let #occ(X; ®) denote the number of times X occurs in ®.

Example 4. Consider 1 = XNy _ Xz with At( 1) = fX;y;29. We can see that X
appears twice in 1, and Y and Z each appear once. Consequently, #0cc(X; 1) = 2 and
#occ(y; 1) = #oce(z; 1) = 1.

We extend Definition 4 to knowledge bases such that #0cc(X; K) represents the number

of times X occurs in the formulas of the knowledge base K:

>
#occ(X; K) = #occ(X; A)
A2K

We use superscripts to distinguish between different occurrences of the same atom. We
assume that X! refers to the I-th occurrence of X in the considered formula ®, or the

respectively. We also refer to | as the label of X.

Definition 5. We define the set of all atom occurrences in a formula ® as

Example 5. Consider again the formula 1 =Xy _ X2 from FExample 4. We assign
each atom X a label 1 2 F1;:::;4#0cc(X; 1)g and get | = x* Ayl =x2~z'. Oce( 1)
contains all (labeled) atom occurrences in 1, i.e., Occ( 1) = Fx!;x2;y!; z1g.

We analogously extend the definition of Occ( ) to knowledge bases.

The forgetting-based inconsistency measure Iy as defined by Besnard (2016) utilizes
a special operation on knowledge bases (forgetting) to measure the level of inconsistency.
The idea behind this measure is similar to the one behind the contension inconsistency
measure. However, while the contension measure refers to the atoms in the signature of
a knowledge base, the forgetting-based measure refers to individual atom occurrences. An
atom occurrence can be “forgotten” by replacing it with > or ?. We denote the replacement
of the I-th occurrence of atom X in formula ® by > as ® j X! S (analogously with ?
instead of >). Formally, the forgetting operation is defined as follows.

Definition 6 (Besnard (2016)). Let ® be a propositional logic formula containing #0cc(X; ®)
occurrences of X 2 At(®). The following substitution of the |-th occurrence of X is then
called forgetting X! in ®:

pixX' i >2-@jx' 1>  (@jx &2

For succinct notation we express the formula obtained by forgetting the occurrence X' in ®
by writing F-x:®.
Example 6. Consider the formula o = X' 1y!~N(x2_y2)~zLl. If the second occurrence
of X (i. e., X?) is forgotten, we obtain:
X 2oL s (L2 h )
=(:XI Ny Ay N ) (XN YN (7 y) )

=:x! Nyl ag!
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Observe that the original formula o in Example 6 is not satisfiable wrt. classical two-
valued semantics, i.e. Mod( ») = ;. However, the formula obtained by forgetting X? in o,
written as Fa.x: 2, is satisfiable. In fact, any propositional logic formula ® can be made
consistent by forgetting a sufficient number of atom occurrences. By extension, consistency
can be restored for any inconsistent knowledge base K 2 K if a sufficient number of atom
occurrences are forgotten.

Definition 7 (Besnard (2016)). Let ™k be the conjunction of all formulas A 2 K. Based
on the forgetting operation, the measure l¢ : K ¥ Ng can be defined as

In other words, the inconsistency value 1¢(K) is the minimum number of atom occur-
rences which have to be forgotten in order to restore consistency in K. Forgetting every
atom occurrence in a knowledge base yields a trivially consistent knowledge base. It is thus
guaranteed that the inconsistency value l¢(K) will not exceed jOcc(K)j.

Example 7. Consider the knowledge base Ks = TXNy; X _y;z; 2Xg. After assigning labels
to all atom occurrences, we get K'5 =fx! ~ylix?2  y2zb 2x3g. Clearly, there is a conflict
between XNy and zX. However, if we forget either the first or the third occurrence of X (i.e.,
x! or x3), Ks becomes consistent. Since there is no possibility of rendering Ks consistent
by forgetting less than one atom occurrence, 1¢(Ks) = 1.

2.3 The Hitting Set Inconsistency Measure

In general, a hitting set is a set that contains at least one element from each set of a given
set of sets. In this work, we use a context-specific form of a hitting set.

Definition 8. A set H  Q(At(K)) is a hitting set of a knowledge base K if for every
A 2 K there exists an ¥V 2 H with 1 = A.

We use the above notion of a hitting set to define the hitting set inconsistency measure
(Thimm, 2016b). Let N3 denote No [ f1g.

Definition 9 (Thimm (2016b)). The hitting set inconsistency measure 1,(K) : K ¥ N3
1s defined as
1,(K) = minfjHj | H is a hitting set of Kg 1

with minf;g = 1 8K 2 Knf;g, and with 1,(;) = 0.

Intuitively, the hitting set inconsistency measure is based on the idea of searching for
the minimum number of interpretations that are required to satisfy all formulas in a given
knowledge base K, subtracted by 1. If K is consistent, we only need one interpretation
(i.e., a model of K). Thus, if we subtract 1, we get 0—the desired inconsistency value for
consistent knowledge bases. If there is a conflict in K, at least 2 interpretations are needed
to satisfy all formulas, i.e., the inconsistency value is = 0. The more interpretations we
need to satisfy all formulas, the more severe the conflict is considered to be. Note that
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1,(K) = 1 if and only if one of the formulas in K is contradictory. In this case there
exists no hitting set as there exists no interpretation which can satisfy such a formula, and
consequently, no number of interpretations can satisfy all formulas in K. If 1,(K) & 1
then the maximum inconsistency value is jKj 1. This value occurs when there is a model
for every formula in K, but no interpretation is a model for more than one formula.

Example 8. Consider again Ky = TX Ny, 2yg. Let 11 and Vo be interpretations with
1(X)=1i(y) =t, and 12(X) =t and Ya(y) = F. Clearly, 1, is a model for Xy, and Vs is
a model for =y. There is no single interpretation satisfying both formulas, making T11; 159
a minimal hitting set of Ky. Therefore, 11(Ky) = 115000 1=2 1=1.

Consider another knowledge base Kg = FX ™ 2X;y;z9. The formula X =X is contradic-
tory, consequently there is no hitting set of Kg, and 14,(Kg) = 1.

2.4 Distance-Based Inconsistency Measures

Grant & Hunter (2013) proposed several inconsistency measures based on calculating dis-
tances between interpretations. Different distance measures could be used, but we assume
that the distance measure is always the Dalal distance d(1; 1%) between two interpretations
! and !'. The Dalal distance, also known as Hamming distance, measures distances based
on the number of differing digits. When talking about interpretations, we define the Dalal
distance as the number of differing truth value assignments for atoms X 2 At between two
interpretations 1; 10

Definition 10. The Dalal distance dgaal between two interpretations 1; 1% is defined as
duatar (15 1) = JFX 2 At 1(X) & 1'(X)g]

Additionally, we define the Dalal distance between a set of interpretations I — Q(At)
and a single interpretation ! as the smallest distance between some interpretation in | and
the interpretation 1.

Definition 11. The Dalal distance dgaa1 between a set of interpretations | and an indi-
vidual interpretation v is defined as
dgatal (13 1) = {I(}izlll(!oi V), with dgatai(;; 1) = 1

We now define three distance-based inconsistency measures. The general idea behind
all three measures is to find an interpretation that has an “optimal” distance to the models
of the individual formulas in a given knowledge base K. The definition of “optimal” differs
for each measure.

The maz-distance measure calculates the interpretation with the smallest maximum
distance to the models of each formula in K. The inconsistency value is equal to the
aforementioned smallest maximum distance. In case that K contains a contradictory formula
A~ i.e., Mod(A») = ;, the maximum distance will always be 1, due to dgaal(;; 1) = 1L
for any 1 2 Q(At). Hence, the minimal maximum distance is A, and 17"*(K) = 1.

Definition 12 (Grant & Hunter (2013)). The max-distance inconsistency measure 17**(K) :
K ¥ N is defined as

17%%(K) = minfrg\lza&( dgatal(Mod(A); 1) j 1 2 Q(At(K))g

571



KUHLMANN, GESSLER, LASzLO & THIMM

The sum-distance measure calculates an interpretation ! such that the sum of !’s dis-
tances to the models of each formula in K is minimal. The inconsistency value is equal
to the aforementioned smallest sum of distances. Note that in the case that K contains a
contradictory formula A, each sum will add up to 1, and thus 17**(K) = 1.

Definition 13 (Grant & Hunter (2013)). The sum-distance inconsistency measure 13 (K) :
K ¥ N is defined as

17 (K) = minfY a2k ddalar (Mod(A); 1) j 1 2 Q(AL(K))g

The hit-distance measure calculates an interpretation such that the number of distances
greater than 0 to the models of each formula is minimal. A different, simpler characterization
of this measure (Grant & Hunter, 2017), shows that 111 is equal to the minimum number of
formulas that need to be removed from a knowledge base K in order to make it consistent.

Definition 14 (Grant & Hunter (2017)). The hit-distance inconsistency measure 1J(K) :
K ¥ Ng is defined as

13" (K) = minfjfA 2 K j dgatai(Mod(A); 1) > 0gj j 1 2 Q(AL(K))g

1 m2X(K) and 13 (K) take the value 1 if and only if one of the formulas in K is inconsistent
individually. For the non-infinity case, the maximum value of 17'**(K) is jAt(K)j, because
the distance is based on the number of differing atom assignments which cannot exceed the
number of atoms. For the non-infinity case of | E(K), the maximum value is JKj jAt(K)j,
because in the worst case, each distance dgajai(Mod(A); 1) for all formulas A 2 K is maximal.
| git cannot take the value 1, because the value of I(}ilit is the number of distances greater
than 0 rather than a distance itself. The maximum value of Icli1it is therefore jKj].

Example 9. Consider again Ky = X Ny;2yg. For simplified readability, we name
the formulas: XNy =: 1 and 1y =: o. The possible interpretations for At(Ky) are

() = Lo(y) = T

L(X) =t Ix(y)=f
1y(x) = i 1y(y) = t
Ly(X) = Iy(y) =t

The models for the formulas in Ky are Mod( 1) = Flyyg and Mod( 2) = Flg; 1yg. We now
calculate dgaal for all formulas in Ky and all interpretations in Q(At(Ky

~—
~—

dgatal(Mod( 1); 1g) = 2 dgatal(Mod( 2); 19) =0
dgalar(Mod( 1); !x) =1 ddatal(Mod( 2); Ix) =0
dgatar(Mod( 1); 1y) =1 ddatar(Mod( 2); 1y) =1
dgatal(Mod( 1); Txy) =0 dgalat(Mod( 2); 1yy) =1
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The max-distance measure 1% looks at the mazimum distances per interpretation, i. e.,
max 2K dgalar(Mod( ); 1). Here the set of mazximal distances consists of:

dgatal (Mod( 1); 1o) =2
dgatai(Mod( 1); 1x) =1
dgatal(Mod( 1); 1y) =1
dgatal(MOd( 2); Txy) =1

The value 17'**(Ky) is the minimum of those maxima, meaning
dgatal(Mod( 1); 1x) = 1;

or one of the other mazima with value 1. Therefore, 11'™(Ky) = 1.
For the sum-distance inconsistency measure IE, we sum up the distances for each in-
terpretation:

¥ 2K40datal(Mod( ); 1g) =2
¥ 2K40datal(Mod( ); 1x) =1
Y 2Kk, 0data(Mod( ); 1y) =2
by 2K4ddaIaI(MOd( )’ !Xy) =1

The value of 13 (Ky) is the minimum of the above sums. Consequently, 13 (Kq) = 1.
For the hit-distance inconsistency measure |hlt we count the number of distances greater
than 0 for each interpretation:

if 2Ky jdgaia(Mod( ); ¥o) > 0gj = 1
jf 2Ky J ddaIaI(MOd( )v X) = Ogj =1
jf 2Ky jddaar(Mod( ); 1y) > 0gj = 2
jf 2Ky J ddaIaI(MOd( )1 xy) = Ogj =1

The inconsistency value is the minimum of those counts: Igit(K4) =1.

3. SAT-Based Algorithms for Selected Inconsistency Measures

By now we have established a fundamental overview of inconsistency measurement in gen-
eral, and we defined the six particular inconsistency measures considered in this work.
Building on that, in the section at hand, we describe how to use SAT encodings to deter-
mine inconsistency values.

3.1 Satisfiability Solving

A major problem in the realm of propositional logic is the Boolean satisfiability problem,
which is one of the most-studied problems of computer science, and which is NP-complete
(Biere, Heule, Maaren, & Walsh, 2009). The input of the Boolean satisfiability problem
is a formula in conjunctive normal form (CNF), which is a conjunction of clauses. Note
that we do not restrict our input knowledge bases for inconsistency measurement to CNF,
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however, every propositional formula can be converted into an equivalent formula in CNF
(see (van Harmelen et al., 2008) for a proof). Naively, this conversion can be done using
Boolean transformation rules, but the resulting formulas are sometimes exponentially larger
than the original formula. Using the Tseitin method (Tseitin, 1968), every formula can be
converted into an equisatisfiable CNF formula with only a linear increase in size.

Definition 15. The Boolean satisfiability problem (SAT) is the problem of deciding if there
exists an interpretation that satisfies a given propositional formula.

e Input: formula ® in CNF
e Output: true iff Mod(®) & ;, false otherwise

A SAT solver is a program that solves SAT for a given formula. There exist many
high-performance SAT solvers (for an overview, see the results of the recurring SAT com-
petition?). A consequence of the NP-completeness of SAT is that SAT solvers can also be
used to solve other NP-complete problems if we transform them into SAT problems.

In order to use SAT solving for the problem at hand, we need a way to encode the
concept that some value is an upper limit. Cardinality constraints represent that at least,
at most, or exactly some number K out of a set of propositional atoms are allowed to be true.
Using the formal definition of Abio et al. (2013), we define that a cardinality constraint is
a constraint of the form

Xi+::+Xn Kk

:.1; Xp are propositional atoms, / 2 f<; ;=; ;>0 is an operator, and K is a
natural number. The meaning of the + operator in this context is that for every true atom
the number 1 is added and for every false atom the number 0 is added, thereby counting
the number of true atoms. Constraints of the form X; + ::: 4+ Xp k are informally
referred to as at-most-K constraints. Such a constraint is true if and only if Kk atoms out

enumerate all possible atom assignments that satisfy the constraints. For small knowledge
bases the resulting encodings can be compact; however, in general, there are k:‘_l subsets
of size K+1, meaning we generate kil clauses. It is inefficient for larger inputs because the
size of the constraint grows exponentially with n. Several more efficient methods to encode
cardinality constraints more efficiently have been developed. In the implementations used
for our experimental evaluation (Section 5), we use the sequential counter encoding method
(Sinz, 2005) which only generates n K clauses.

In the following sections, we use the notation at_most(k; X) where X is a set of atoms
X1;:::; Xng to denote the constraint Xy +:::+ X, K.

3.2 Scheme for SAT-Based Algorithms for Inconsistency Measures

This section proposes a binary search algorithm for the computation of the inconsistency
value of a given knowledge base K wrt. one of the inconsistency measures considered in
this work, i. e., the computation of I(K) with I 2 fl; I¢; I,; 122, 1%; 149, Our approach
follows similar procedures that have been proposed in the literature (see, e.g., (Giunchiglia

2. http://www.satcompetition.org/
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’ | ‘ Maximum non-1 value | A possible?
I, JAL(K)j No
I jOcc(K)j No
Iy jKj 1 Yes
e JAL(K)j Yes
1y JALK)j K] Yes
I git jKj No

Table 2: Ranges of possible values of each inconsistency measure considered in this work.
The minimum value is 0 in all cases.

& Maratea, 2006)). So the objective of our algorithm is to solve the function problem
VALUE| as formalized in (Thimm & Wallner, 2019).

VALUE] Input: K2K
Output: value of 1(K)

All inconsistency measures considered in this paper have a clearly defined range as
established in their descriptions in Section 2 (see also Table 2). This clearly defined search
space prompts the use of a binary search procedure. The range is searched by the algorithm
and for each iteration of the search, a call to a SAT-solver is made, to decide which half
of the range needs to be searched in the following iteration. The problem that is solved at
each iteration of the search procedure is the decision problem UPPER; (Thimm & Wallner,
2019), meaning the problem of deciding whether a given value U is an upper bound of the
inconsistency value of a given knowledge base.

UPPER; Input: K2K;
u2 Ny
Output: true iff 1(K) u

For all inconsistency measures presented in Section 2, the problem UPPER; is NP-
complete as shown in (Thimm & Wallner, 2019), and is thus reducible to SAT. Therefore,
the idea is to find SAT encodings S : K Ny ¥ K for UPPER} for all inconsistency mea-
sures, that satisfiy the requirement that (K;u) is a positive instance of UPPER; if and only
if S(K;u) is a positive instance of SAT. At each search step, we compute the encoding for
the current potential upper bound u and make a call to a SAT solver to check if u is in
fact an upper limit of the inconsistency value, until the exact value is found. If no value is
found, A is assumed to be the inconsistency value for the measures 1y, 17**, and | E. With
regard to the other measures (I, ¢, and I(}ilit)7 the binary search procedure is guaranteed
to return a finite value after log,(n + 1) steps, with n being the maximally possible finite
value.

Note that the iterative SAT-based approach described in this section is essentially a naive
MaxSAT approach. Although the literature offers many different dedicated MaxSAT solvers
(see, e. g., (Berg, Jarvisalo, Martins, Niskanen, & Paxian, 2024) for a recent overview), which
are based on several different optimization algorithms, we decided to rely on classical SAT
solvers for this work. In particular, the focus of this work is on the presented encodings;
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a detailed investigation of the various optimization algorithms would exceed the scope of
this paper (note, however, that we briefly touch upon the topic of optimization wrt. SAT
in Section 5.3.4 and wrt. ASP in Section 5.3.5).

3.3 The Contension Inconsistency Measure

Beginning with this section, we describe how to construct the SAT encodings that are
used in the binary search procedure described in the previous section for each specific
inconsistency measure. Note that the encoding for the contension inconsistency measure
covered in this section was already proposed in (Kuhlmann et al., 2022). However, for the
sake of completeness, we describe it once more.

Let K be a propositional knowledge base and U an integer representing a possible up-
per bound for the contension inconsistency value I.(K). We present a SAT encoding for
UPPER,, denoted S.(K;u), which is defined by the components (SC1)—(SC17).

Recall that 1.(K) is defined by the minimal number of atoms in At(K) that need to
be set to b in order for K to become consistent in Priest’s three-valued logic. To encode
the three-valued logic in propositional logic, we use additional variables. First of all, for
every atom X in the original signature At(K), we use three new atoms X, Xp, X¢ (SC1)
to represent the three truth values t, b, f. We need to assure that out of each triple of
new atoms that represent the three possible truth values of the original atom X, exactly
one is true. We represent this by adding the following formula for every X 2 At(K) to the
encoding S¢(K;u):

(Xt_Xf_Xb)A(IXt_ :Xf)A(:Xt_ :Xb)’\(:xb_ IXf) (SC3)

To model three-valued satisfiability, we recursively represent the evaluation of formulas
in three-valued logic (see the semantics described in Section 2.1). To achieve this, three
variables vg;v;;vg (SC2) are used for every subformula @ in every formula A 2 K to
represent each of the three possible valuations of ®. For each of those valuation atoms we
add an equivalence that defines the evaluations based on the operator of the subformula.
To represent all possible formulas, we need to encode the operators ©, _, and :.

We encode conjunctions &¢ = We.; ™ Ueg by adding the following formulas to S.(K;u):

Vo, B Vi, Vi, (SC4)
Vgc $ Vgc;l _VEC;Z (SC5)
v, B (2Vhe, _ TV, N :V\fpc;l n :v\fI,c;2 (SC6)

Analogously, disjunctions &g = Wg.; _ VYq4.0 are encoded as follows:

Vg B Vi, Vi, (SC7)
v;d $ vfpd;l n vgd;z (SC8)
vh, B (:ng;l _ :prd;z) NIV, N Vi, (SC9)
To represent a negated formula &, = -V, we create new variables representing the three

evaluations of ®,, meaning V;‘bn, Vgn and Vgn, and encode the evaluation of those cases by
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adding the following formulas to S.(K;u):

VS, vy (SC10)
vy, BV (SC11)
Vi, BV (SC12)

Thus, (SC10) encodes that the formula & = - ¥y evaluates to t if Uy evaluates to f. In
the same fashion, ®p evaluates to f if WUy is t (SC11), and ®p, evaluates to b if ¥y, is also
b (SC12). Further, we add the following formulas for each subformula ®, which represents
an individual atom X:

Vg, B Xq (SC13)
vy, B X¢ (SC14)
v, B Xp (SC15)

We also add a formula to S.(K;u) that represents when a formula A 2 K becomes true.
This is the case when the subformula that contains the whole formula evaluates to t or b:

R (SC16)

Finally, we add a cardinality constraint representing that at most U of the b-atoms are
allowed to be true. Let Aty be the set of b-atoms of K, i.e., Atl = X, j X 2 At(K)g. We
add the following cardinality constraint to S.(K;u):

at_most(u; AtK) (SC17)

S¢(K; u) is finally comprised of the signature and the formulas presented in (SC1)—(SC17)
(see Encoding 1 in Appendix A.1.1 for an overview). The following result establishes that

this encoding faithfully implements 1.. The proof of the theorem below is provided in
Appendix A.1.1.

Theorem 1. For a given value U, the encoding S.(K; u) is satisfiable if and only if 1.(K)
u.

Example 10. We illustrate the construction of Sc(K;u) for the following knowledge base:
8 9
< <2§J¥Az§)1; ij? Zf}i; i Z?{:
z I—{f—} |—{§—} r-{a-};

In this example, we aim to construct S¢(K7;1), i.e., a SAT encoding which returns true if
and only if 1 is an upper bound of the contension inconsistency value of Ks.
As At(K7) = fX;yg, we require 2 3 = 6 new atoms (SC1):

Xts Xp, Xf; Yt: Yo, Y
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We also have a total of 8 (sub)formulas, so we need 8 3 = 24 corresponding atoms (SC2):

B N t . b . F .
vV Vi Vi Vi Vg, Vigi Vi Vg,
Vt N RN t

1;1’V1:1’ 1517 12’ 7 127 7 12!

{ SN T t .b f
2;1’v 2;1" 2:1°7 2;27

Vt

Vv

We add the following constraints to the encoding S.(Kr;u) via (SC3):
(Xt _ X _ Xp) ™M (2%t _ IXf) N (X 2Xp) N (2Xp _ IXf)
(Ye_Ye_Yo) M (2ye— 2ye) N (2Ye— =Y) M (2Yb _ - Y¢)

We encode the first formula 1= 117 1.2, which is a conjunction, by adding the following
formulas corresponding to (SC4)-(SC6):

t t Nyt
Vl$v1;l Vl;2

vl s viooVf

1;1 — 1;2
b -yt -yt - F - f
Ve, $ (-V 1,1 — -V 1;2)/\ -V 1;1/\ -V 1;2
We encode the second formula o = 2:1_ 2:2, which is a disjunction, by adding the formulas
corresponding to (SC7)-(SC9):
t t t
v 2$v 2;1—V 2;2
f f f
v 2$V 2;1AV 2:2
b -\, f -\, f -yt -yt
Vo, $ ('V 2;1 — -V 2;2)/\ -V 2;1/\ -V 2;2
The last formula (3 = - 3), which is a negation, is modeled by adding the following
formulas via (SC10)-(SC12):
Vi, $ vf3
Vf3 $ VtS
Vb3 $ Vb3

We add formulas to encode that 1.1, 12, 21, 22, and 3 are subformulas consisting of
individual atoms, following (SC13)-(SC15):

5;1 B Xt 5;2 S 5;1 B Xt 5;2 By g B Xt
I1 B X 12 B Yr 21 B X 22 By 3 Bxe
li;l B xp l1;2 By IE2);1 B Xy 3;2 By l:)», $ Xp
For each formula in K we additionally add a constraint wrt. (SC16):
vi VP,
vi VP,
vi VP,

Finally, via (SC17), we add the cardinality constraint at_most(1; fXp; YsQ).
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3.4 The Forgetting-Based Inconsistency Measure

Let K again be a propositional knowledge base and U an integer representing a candidate
for an upper bound of I¢(K). Recall that 1¢(K) is defined as the minimal number of atom
occurrences which need to be forgotten in order to resolve all inconsistencies in K. We
construct an encoding S¢(K; u) that represents UPPER, for the instance (K;u).

To begin with, we label the given knowledge base K to retrieve Occ(K). For each labeled
atom occurrence X' 2 Occ(K) we also add two atoms tx: and Fx| to the signature (SF1).
Further, for each formula A 2 K a corresponding constraint A is created and added to
S¢(K;u). A’is an extension of A, gained by substituting every atom occurrence X'in A
with the subformula (tx.| _ X) ™ zfx.|. Assigning truth values to the new atoms tx:|, fx:|
models the forgetting operation on X' in A. More precisely, setting tx:| to true represents
forgetting X' and replacing it with >, while setting Tx:| to true represents forgetting x!
and replacing it with 2. We define ®x;| to be the subformula X! is substituted with:

Dy = (tx _ X) N = fx (SF2)

e If tx.| is set to true and Fx:| is set to false, then ®x.| becomes true, regardless of the
truth value assigned to X. This represents the case in which X' has been forgotten
and was replaced by >.

e If tx is set to false and fx:| is set to true, then ®x.| becomes false, regardless of the
truth value assigned to X. This represents the case in which X! has been forgotten
and was replaced by 2.

e If both tx.| and Fx:| are set to false, then the truth value of ®x;| is equal to the truth
value assigned to X. This represents the case in which X' has not been forgotten.

The case in which both tx.| and fx: are set to true holds no meaning in the chosen represen-
tation, as this would imply that X' had somehow been replaced by > and ? simultaneously.
This invalid state needs to be avoided, which motivates the addition of constraints that pre-
vent tx:| and Fx;| from both being set to true at the same time:

Finally, an at-most-U constraint is added to limit the number of occurrences that can
be forgotten. Let Attt denote the set of all atoms introduced by substitutions of atom
occurrences in formulas A 2 K i. e., the set of all ty.|; fx: wrt. X' 2 Occ(K). The constraint

at_most (U; Atgorget) (SF4)

is added to S¢(K;u) in order to keep the number of forgotten occurrences from exceeding
u. In total, S¢(K;u) is comprised of (SF1)—(SF4) (see Encoding 2 for a complete overview).
The proof for the following theorem, along with Encoding 2, is provided in Appendix A.1.2

Theorem 2. For a given value U, the encoding S¢(K; U) is satisfiable if and only if 1¢(K)
u.

579



KUHLMANN, GESSLER, LASzLO & THIMM

Example 11. Consider again the knowledge base K7 from Example 10:

2 I R 8 231 -
K, = :TEJ "Z§J , Ta_{zﬂ; r-%g;

—{z_

In this example, we aim to construct S¢(Kz;2), i.e., a SAT encoding which returns true if
and only if 2 is an upper bound of the forgetting-based inconsistency value of Ks.

To begin with, we need JOcc(Ky)j 2 =5 2 = 10 atoms that represent the forgetting
operation wrt. each atom occurrence (SF'1):

t1s Fxo1s tysn; Fyons tu2; Fx;os tyo; Tyio; t;3; T3

We substitute each occurrence in every formula in K7 as described by (SF2). This produces
the following 3 formulas, which are all added to S¢(Kz;2):

(b1 _X) ™ 2F) N ((tyn _y) ™ = Fya)
(b2 _X) ™ 2Fx2) _ ((ty2 _y) ™ =Fy0)

Next, we apply (SF3):

: tX,3 _ : fX,3

Finally, we add the at-most-u constraint (SF4) to S¢(Kyz;2):

at_most (2; Fty;1; Fx;1; ty:1; Fy:1; Uos Tos tyio) Fyo) Uis; tx:30)

3.5 The Hitting Set Inconsistency Measure

In the following, we propose a SAT encoding, denoted Sy(K;u), for the problem Iy (K),
with K being a knowledge base and U an integer representing a candidate for an upper
bound. We reiterate that 1,(K) is the minimum cardinality of a set of interpretations such
that there is at least one model for every formula in the knowledge base K, subtracted by
1. This is equivalent to finding the minimal number of blocks of a partitioning of K such
that each block is satisfiable (again, subtracted by 1).

The formulas in K are partitioned into U blocks, and every formula belongs to at least
formula A; is “the i-th copy of formula A”. Then, we create jKj u new atoms pa:j (SH2).
The meaning of the atom pa:j is “formula A is a member of block i”. For every i, all atoms
X that appear in a formula A; are replaced with new atoms X; (SH1), meaning each block
has its own copy of At(K), allowing us to check for satisfiability block-wise.

For every block, the set of formulas inside it is satisfiable. We add jKj u constraints of
the form

paii T Ai (SH3)
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This models that if a formula A belongs to block i, then the corresponding formula Aj
must be satisfied (within this block). Every formula must be sorted into at least one block,
meaning for all A 2 K, at least one pa;j is true. A simple encoding for the “at-least-one”
constraint is to add the following clauses for every A 2 K:

~ Paii (SH4)

1 1iu

When a value for the minimal number of satisfiable partition blocks is found, we subtract
1 to generate the value 1,(K). If no value is found in the range, the result is 1.

The following result establishes that the above encoding Sy, (K;u), defined by (SH1)-
(SH4) (for an overview, see Encoding 3 in Appendix A.1.3), faithfully implements Iy,. The
proof of the theorem below is given in Appendix A.1.3 as well.

Theorem 3. For a given value u, the encoding Sy, (K; u) is satisfiable if and only if 1,(K)
u 1. Sy(K;u) is unsatisfiable for allu = 1;:::;jKj if and only if 1,(K) = 1.

Example 12. Consider again the knowledge base Ky from Example 10:
8 9
‘. <z§ﬁ/\z§ﬁ; sz{ Zfﬁ; ) Z§{=
Z I—{f—} I—fg—} r-{s-};

In this example, we aim to construct Sy(Kz;2), i.e., a SAT encoding which returns true if
and only if 3 1 =2 is an upper bound of the hitting set inconsistency value of Ky.
First, we create variables for each atom X; 2 At(K7) = fX;yg with i 2 f1;29 (SH1):

X1: X2; Yi:Y2
In addition, for each formula in K7 we create the following variables (SH2):
P 1P g2 P o1iP 252 P 31P 5528
Now we create indexed copies of the formulas in Ky:

X1 ™My, X1_ Y1, IX1;
Xo ™Yo, X2 _Yo; IXo

Following (SH3), we add the subsequent formulas to Sy(Kz;2):

1=
—~

IX1);
IX2)

(X1 _Y1); P a1
(X2 __Y2); [

(X1 M y1); P o1
(X2 N Ya); P L2

P
P2

L]
—~

At last, we add the following constraints via (SH4):
P 1P g2 P21 P 5o P 1P 32
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3.6 The Max-Distance Inconsistency Measure

Let, once again, K be a propositional knowledge base, and let U be an integer representing
a potential upper bound for 17***(K). In the following, we construct a SAT encoding
S§*(K;u) for the problem UPPERjmax.

As a reminder, the distance-based inconsistency measures look for an interpretation
with an “optimal” distance. Regarding 17'**, the “optimal” interpretation has the minimal
maximum distance to the models of all formulas in K. In case one or more formulas in K
are unsatisfiable, i.e., they possess no models, 17**(K) = 1.

First we need a representation of the “optimal” interpretation that will be computed by
the measure. For each atom X 2 At(K), we add a new atom X, that represents this atom’s
value assignment in the “optimal interpretation” (SDM1). Let Ato be the set of atoms of
the optimal interpretation, i.e., Ato = X, ] X 2 At(K)g.

With the exception of the case that 17**(K) = A (i.e., the case in which at least one of
the formulas is contradictory), all formulas in K must be satisfied by some interpretation.
atoms X that appear in a formula A; are replaced with new atoms X; (SDM2). We add
the modified clones Aj to the encoding (SDM4). This models that the formulas are all
satisfiable individually and allows us to put their models and the optimal interpretation in
relation in the next step.

For each formula, the distance between at least one model of the formula and the optimal
interpretation consists of at most u differing atom assignments. We now aim to model that
the minimum distance between some model of each formula and the optimal world is at
most U. This can also be formulated as “for each formula, there is some model that can
be converted into the optimal world by inverting at most U value assignments” (excluding
Xi 2 At(SP**(K;u)) n Ato that model the inverted value assignments (SDM3). Then, we
add the following formulas for every Xj, using the optimal interpretation atoms Xy 2 Ato:

Xi ¥ o Xo_invx: (SDM6)
The above formulas represent that for every atom Xj of a model of a formula, the corre-
sponding atom in the optimal interpretation has the same value unless it is inverted by

setting invx:j to true. We then represent the upper bound by adding at-most-u constraints
for all invx.j. Let INV; denote the set containing all invx:j for a fixed i:

at_most(u; INV;j) (SDMY7)

In total, the SAT encoding SJ'**(K; u) comprises (SDM1)-(SDM7). The following result
establishes that the above encoding faithfully implements I3%*.

Theorem 4. For a given value U, the encoding SP**(K;u) is satisfiable if and only if
11%(K) u. SP*(K;u) is unsatisfiable for all u 2 10;:::;jAt(K)jg if and only if
17(K) = 1.

The proof of the above theorem, as well as Encoding 4, which contains a complete
overview of ST'**(K;u), are provided in Appendix A.1.4.
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Example 13. Consider again the knowledge base K7 from Example 10:
8 9
g 0, [
ol —{z—} |—{—=} r-{a-};
1 2

In this example, we aim to construct ST'**(Kz; 1), i.e., a SAT encoding which returns true
if and only if 1 is an upper bound of the maz-distance inconsistency value of K.
At first, we create the variables Xo;Yo for the atoms in At(K7) = fX;yg (SDM1). We

3 via (SDM2) and (SDM3):

X1, X2; X3, Yi:¥2: Y3
INVy:1; INVx:2; iNVy:3; INVy:1; iNVy:9; iNVy:3

We add indexed copies of the formulas in Ky to S§**(K7;1) (SDMj):
X1 MY, X2 _Ya2; IX3

We now add the following constraints conforming to (SDM5) and (SDM6) to SF**(Kr;1):

X1 ¥ Xo__iNVy1; Xy ¥ X iNVyq;
y1 ¥ yo_invy;; yr ¥ ocyo_invyg;
Xo ¥ Xo _ INVy:9; IXo B IXo_ INVyo;
Y2 ¥ Yo _invy:o; Iy2 ¥ oIyo_ invy;
X3 ¥ Xo _ INVy:3; X3 B IXo_ INVys;
ys I YO_inVy;B; tys I :YO_inVy;S

Lastly, the following at-most-U constraints are added:

at_most(1; finvy;1;invy:19);  at_most(1; finvy;o;invy:2g);  at_most(1; finvy;s; invy;39)

3.7 The Sum-Distance Inconsistency Measure

The definition of the sum-distance measure I dz is quite similar to the definition of the
previously addressed max-distance measure 17**. The only difference is the notion of
optimality—while 17'** seeks the interpretation with the smallest maximum distance to the
models of the formulas in a given knowledge base K, | § seeks an interpretation such that
the sum of its distances to the models of the formulas in K is minimal.

Let once again U be an integer representing a candidate for an upper bound of 1 ?(K)-
In the following, we construct a SAT encoding ST (K;u) for the problem UPPERy .

The constraints (SDS1)-(SDS6) of the encoding ST (K;u) are identical to constraints
(SDM1)—(SDM6) of S**(K;u). Only the use of the at-most-u constraints is changed—
we represent the upper bound for the sum of the distances by adding a single at-most-u

at_most(u; INV) (SDS7)
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Altogether, S7**(K; u) is comprised of (SDS1)-(SDS7) (for an overview, see Encoding 5
in Appendix A.1.5). The following result establishes that the above encoding faithfully
implements | dE. The corresponding proof can likewise be found in Appendix A.1.5.

Theorem 5. For a given value U, the encoding ST (K; ) is satisfiable if and only if 13 (K)

Example 14. Consider again the knowledge base K7 from Example 10:
8 9

- 4 . . . et

Kz = _ZEI{"Z%J?; Zﬂj{ 232{; f? ;

Sl—=r =) g

1 2

In this example, we aim to construct SdZ(K7; 2), i.e., a SAT encoding which returns true if
and only if 2 is an upper bound of the sum-distance inconsistency value of Kz.

The variables we require (defined by (SDS1)-(SDS3)) are the same as those in Example
13. Furthermore, the constraints we need to add to ST (Kz;2) via (SDS4)-(SDS6) correspond
exactly to those defined by (SDM4)-(SDM6) in Example 13. However, we use a different
at-most-u constraint following (SDS7):

3.8 The Hit-Distance Inconsistency Measure

Let K once again be a knowledge base and U an integer representing a possible upper bound
of 13¢(K). In the following, we construct a SAT encoding Si*(K;u) for UPPER hit.

In contrast to the other distance-based measures, the value of Iéﬁt(K) is not a distance
value, but a count of distances greater than 0. In other words, Iélit(K) is the maximum
number of formulas in K that can be satisfied by one interpretation, or the minimum number
of formulas that need to be removed in order to make K consistent. To represent this, we
add one new variable hita for every formula A 2 K (SDH1). Let HITx = fhita j A 2 Kg.
For each A 2 K, we also add a disjunction that uses one of the new variables:

A _hita (SDH3)

This formula represents that if A is not true, then the new variable hita is set to true.
Note that all atoms of the input knowledge base K still appear in the encoding as part of
A (SDH2). We then represent the upper bound for the number of models with distances
> 0 by adding one at-most-U constraint that restricts the number of hita 2 HITk that are
allowed to be set to true:

at_most(u; HITk) (SDH4)

In total, SE(K; u) is defined by (SDH1)—(SDH4). Appendix A.1.6 provides an overview
of SIit(K;u) (i.e., Encoding 6), as well as the correctness proof of the theorem below.

Theorem 6. For a given wvalue U, the encoding Sgit(K; u) is satisfiable if and only if
1MYK) .
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Example 15. Consider agam the knowledge base K7 from Ezxample 10:
9

§J2{ A 2 5}2{ Z} {_
= |_{ |_{z
In this example, we aim to construct Sgit(Kﬂ 1), i.e., a SAT encoding which returns true
if and only if 1 is an upper bound of the hit-distance inconsistency value of Ky.

First, following (SDH1), we define the variables hit ;hit ,;hit , wrt. the formulas in
K7. Moreover, we require the variables At(K;) = fX;yg (SDH2). Following (SDH3), we
add the subsequent constraints to SH'(Kz;1):

(x~y) _hit ; (x_y)_hit ,; (zx) _hit
At last, we add at_most(1; fhit ;hit ,;hit ,9) via (SDH/).

4. ASP-Based Algorithms for Selected Inconsistency Measures

After the introduction of a general SAT-based approach for computing inconsistency de-
grees, as well as specific encodings for the problem UPPER| wrt. all six inconsistency mea-
sures addressed in this work, we now introduce answer set programming as an alternative
method to compute inconsistency values.

4.1 Answer Set Programming

Answer Set Programming (ASP) (Lifschitz, 2019; Gebser, Kaminski, Kaufmann, & Schaub,
2012; Lifschitz, 2008; Brewka, Eiter, & Truszczynski, 2011) is a declarative problem solving
approach targeted at difficult search problems. Thus, rather than modeling instructions
on how to solve a problem, a representation of the problem itself is modeled. The goal is
to represent a problem in a logical format (a logic program) such that the models of this
representation describe solutions of the original problem. These models are called answer
sets.
In short, a logic program is a finite set of rules of the form

r=ag :- a;;:::;an; Not an 1;:::; not am
with each aj (0 i N m) being atoms, and “not” denotmg the default negation in the
sense of Reiter (1980). In ASP, an atom has the form p(t;;:::;ty), with p being a predicate
symbol, and t1;:::;ty being terms. Terms are either constants variables, arithmetic terms
(ie., tyorty tywith 2 f+; ; ;=g wrt. some terms t;;ty), or functional terms (i.e.,
> (tl; 211 tm) with ” being a functor, ty;:::;tm being terms, and m > 0) (Calimeri, Faber,

Gebser, lanni, Kaminski, Krennwallner, Leone, Maratea, Ricca, & Schaub, 2020). Moreover,
we express the arity n of a predicate or function ” as ”=n, and an ASP literal * is either
an atom or a default-negated atom.

The head of a rule r (as shown above) is head(r) = fapg and the body is body(r) =
fal; - "an,notanH; i notamg If body(r) = ;, then r is a fact, and if head( ) = ;, then
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An atom/rule/program is ground if it does not contain any variables.> Let X be a set
of ground atoms. We define X to be a model of a ground logic program P if for all r 2 P,
head(r) 2 X whenever body*(r) X and body (r) \ X = ;. The reduct (Gelfond &
Lifschitz, 1988) of P wrt. X is defined as

P> = fhead(r) :- body™(r)jbody (r)\X =; withr 2 Pg

Moreover, X is an answer set of P if it is a subset-minimal model of P .
Another language concept we make use of is the conditional literal, which is of the
form ‘g : “q1;:::; %, with “g;:::; “n being literals. The idea behind a conditional literal

satisfied”.

It is possible to use cardinality constraints not only in rule bodies, but also in heads.
A rule with a cardinality constraint as the head is referred to as an (extended) choice rule.
Formally, a choice rule has the form

with0O m n o0, :::;8 being atoms, 0 | u, and |;u being (optional) lower and
upper bounds, respectively. The intuition behind such a rule is that any subset of the head
atoms (which complies with the upper and lower bound, if specified) can be included in the
answer set. Note that choice rules can be transformed into sets of normal rules (Gebser
et al., 2012).

Furthermore, we use aggregates and optimization statements. The former are used
to reason about minima, maxima, sums, and counts over sets of literals. Let an ag-

Sotm o f1piin fn with ty; ity being terms,

ing aggregate elements, 2 f<;>; ; ;=;6( being an aggregate relation, and t being a
term (Calimeri et al., 2020). Optimization statements serve the purpose of expressing cost
functions that are subject to minimization or maximization. In this work, we only use a spe-

with the minimization as an optimal answer set.

We further make use of the interval (“..”) and pooling (“;”) operators to abbreviate
notation. Intervals let us create multiple instances of a predicate determined by an interval
of numerical values, and pooling lets us create multiple instances of a predicate by sepa-
rating elements by “;”. For more details on ASP we refer the reader to the ASP-Core-2
standard (Calimeri et al., 2020).

3. Note that, following the Clingo syntax, all variable names we use start with an uppercase letter, and
all constant names start with a lowercase letter. We also make use of anonymous variables. Those are
variables that do not recur within a rule, and that are denoted by \_".
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4.2 The Contension Inconsistency Measure

Given a knowledge base K, we construct an extended logic program P.(K) to determine
the contension inconsistency value 1.(K) as described in the following. Note that, like the
SAT-based approach for I., the ASP-based method was already proposed in (Kuhlmann
et al., 2022), but is covered again for the sake of completeness.

At first, we declare some facts describing the overall composition of the knowledge base,
i.e., we describe which formulas are elements of the knowledge base, which atoms are in
the knowledge base’s signature, and whether a (sub)formula is a conjunction, disjunction,
negation, or atom. We define for every formula A 2 K

kbMember(A). (AC1)
and for every atom X 2 At(K)
atom(X). (AC2)

Note that the A in K and the A in kbMember/1 are formally not the same—in K it is a
propositional formula, while in kbMember/1 it is a string representation of that formula.
More precisely, a formula A is “translated” to a uniquely defined ASP constant, i.e., a
string starting with a lowercase letter.* The same applies to the X in At(K) and the X in
atom/1. In the following, whenever a propositional logic symbol appears in an ASP rule, it
is to be interpreted as a uniquely defined ASP constant.

Every conjunction ®¢ = W1 ™ Ve is encoded as

conjunction(®c,Ve1,¥Ye2).- (AC3)

In the same fashion, we define disjunctions ®q = Vg1 _ Uy.o as

disjunction(®q, Vg1, Vg2)- (AC4)
For each negated formula, i.e., for each &, = - ¥y, we define
negation(®n,¥n). (AC5)

Further, we need to encode subformulas which consist of individual atoms. Hence, for each
formula ®, which is equal to an atom X we define

formulalsAtom(®,,X) - (AC6)

Additionally, we need to declare the truth values of Priest’s three-valued logic (t, f, b) as
facts:

tv(t;f;b). (ACT)

To encode how the contension inconsistency measure actually works, we first need to
ensure that an atom is not assigned multiple truth values at the same time, i.e., we need to
ensure that each atom gets a distinct evaluation. To this end, we introduce the predicate

4. For example, a given formula 1 could be represented as alpha_1.
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truthValue/2 and define that an atom has exactly one truth value by making use of a
cardinality constraint:

1ftruthvValue(A,T) : tv(T)gl :- atom(A). (ACB)

In order to encode the evaluation of formulas, we need to model the role of the connec-
tives , _, and I in Priest’s three-valued logic (see Table 1). For a conjunction to be true
in Priest’s three-valued logic, both of its conjuncts have to be true:

truthvalue(F,t) :- conjunction(F,G,H),
truthvalue(G,t),
truthvValue(H,t). (AC9)

For a conjunction to be false, it is sufficient if at least one of its conjuncts is false:

truthvValue(F,f) :- conjunction(F,G,H),
1ftruthvalue(G,f); truthValue(H,f)g. (AC10)

A conjunction is b in three-valued logic if it is neither t nor f:

truthvalue(F,b) :- conjunction(F,_,.),
not truthvalue(F,t),
not truthvalue(F,f). (AC11)

Analogously, we define that a disjunction is false if both its disjuncts are false, and true if
at least one of its disjuncts is true. Again, if a disjunction is neither t nor f, it is b.

truthvalue(F,f) :- disjunction(F,G,H),

truthvalue(G,T),

truthvValue(H,f). (AC12)
truthvalue(F,t) :- disjunction(F,G,H),

1ftruthvValue(G,t); truthValue(H,t)g. (AC13)

truthvalue(F,b) :- disjunction(F,_,.),
not truthvalue(F,t),
not truthValue(F,T). (AC14)

A negation is t in three-valued logic if its base formula is f and vice versa. A negation
is b if its base formula is b as well. Thus, we can formulate the following rules to model
three-valued negation in ASP:

truthvalue(F,t) :- negation(F,G), truthValue(G,T). (AC15)
truthvalue(F,f) :- negation(F,G), truthValue(G,t). (AC16)
truthvalue(F,b) :- negation(F,G), truthValue(G,b). (AC17)
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Moreover, if a (sub)formula only consists of a single atom, it must have the same truth
value:

truthvalue(F,T) :- formulalsAtom(F,G),
truthValue(G,T),
tv(T). (AC18)

Further, all formulas A 2 K need to be either t or b wrt. Priest’s three-valued logic.
Thus, no formula is allowed to be evaluated to f. We accomplish this by introducing the
following integrity constraint:

;- truthvalue(F,f), kbMember(F). (AC19)

At last, to actually compute I.(K), we require the minimal number of atoms in K
evaluated to b. This is achieved by means of a minimize statement:

#minimizefl,A: truthvValue(A,b), atom(A)g: (AC20)

Now P.(K) is the union of all rules defined in (AC1)-(AC20) (for an overview, see
Encoding 7 in Appendix A.2.1). Further, let 13, be the three-valued interpretation repre-
sented by an answer set M of P, (K) To be precise, if M is an answer set of P.(K) then
the three-valued interpretation ! M defined as

8
=t truthvValue(X,t) 2 M

13, (X) = _f truthvalue(X,f) 2 M
“b truthvValue(X,b) 2 M

is a model of K with X 2 At(K). The proofs regarding the well-definedness of the previous
definition as well as the following theorem are provided in Appendix A.2.1.

Theorem 7. Let My be an optimal answer set of P.(K). Then J(!E/Io) Lb)j = 1.(K).5

Example 16. Consider agam the knowledge base K7 from Example 10:
Ky — §ﬁ 2] {Jz{ %j{_
= I—{Z I—{2 [ {

We aim to construct P.(Ky), i.e., an ASP encoding which allows us to retrieve 1.(Kz).
First, we represent the formulas and atoms in Ky by applying (AC1) and (AC2):

kbMember( 1): atom(x):
kbMember( »): atom(y):
kbMember( 3):

We use (AC3) to represent the only conjunction in K7 (1) as conjunction( 1; 1.1, 1:2).
In the same fashion, we apply (AC4) to o, the only disjunction occurring in Ky, and get

5. For any function > : X @ Y andy2Y wede ne > 1(y)=fx2 X jAKX) =
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disjunction( 2; 92:1; 22). Now, the only formula that is not represented in ASP yet is
3, so we represent it as negation( 3; 3) via (AC5). To represent the subformulas which
consist of individual atoms, we use (ACG):
formulalsAtom( 1.1;X): FformulalsAtom( ;:2;y):
formulalsAtom( 2.1;X): formulalsAtom( 2.0;Y):
formulalsAtom( 3;X):

The remainder of the logic program, i.e., (ACT)-(AC20), is static.

4.3 The Forgetting-Based Inconsistency Measure

The forgetting-based inconsistency measure l¢ is determined by the number of atom occur-
rences that need to be “forgotten” in order to make the knowledge base K consistent. In
the following , we construct an extended logic program P¢(K) which computes I¢(K). Just
as described in the preceding section, we begin with the definition of facts. Again, every
formula A 2 K is represented as kbMember(A) (AF1). Conjunctions (AF3), disjunctions
(AF4), and negations (AF5) are also represented in exactly the same form as introduced
in Section 4.2. On the other hand, formulas which consist of individual atoms have to be
handled differently. Since the forgetting-based inconsistency measure does not only con-
sider each atom, but each atom occurrence, we have to represent this in our ASP encoding.
Therefore, we define the predicate formulalsAtomOcc/3 which contains the formula ®, the
atom X it consists of, and the atom’s label I:

formulalsAtomOcc(®,X,1). (AF2)
The representation of an atom occurrence can be extracted from the above rule as follows:
atomOcc(A,L) :- formulalsAtomOcc(_,A,L). (AFT)
Moreover, we can gain the representation of an atom by applying the following rule:
atom(A) :- atomOcc(A,.). (AF8)
We model the truth values in the usual manner:
tv(t;f). (AF6)

Next, we include a rule that ensures unique atom evaluation. With regard to l¢, this
means that an atom as a whole must be evaluated to either t or f, even though individual
occurrences of that atom might be replaced by > or ?:

1ftruthvalue(A,T) : tv(T)gl :- atom(A). (AF9)

The connective encodings simply model propositional entailment. Thus, the evaluation
of a conjunction ®; = V¢, ™ Wep is modeled as follows:

truthvalue(F,t) :- conjunction(F,G,H),

truthvalue(G,t),

truthvalue(H,t). (AF10)
truthvValue(F,f) :- conjunction(F,_,.),

not truthValue(F,t). (AF11)
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In the same fashion, we define the evaluation of a disjunction ®4 = Uy.; _ Wq.o:

truthvalue(F,f) :- disjunction(F,G,H),

truthValue(G,fT),
truthvalue(H,f). (AF12)
truthvalue(F,t) :- disjunction(F,_,.),
not truthvalue(F,f). (AF13)
At last we define the evaluation of a negation &, = - V¥p:

truthvalue(F,t) :- negation(F,G),

truthvalue(G,T). (AF14)
truthvalue(F,f) :- negation(F,G),
truthvValue(G,t). (AF15)

If a formula @ consists of a single atom occurrence X', we need to consider that the
forgetting operation might be applied. To model this, we first guess for each atom occurrence
whether it is being forgotten:

fatomOccForgotten(A,L)g :- atomOcc(A,L). (AF16)
If X' is not forgotten, it needs to evaluate to the truth value of X itself:

truthvalue(F,T) :- formulalsAtomOcc(F,A,L),
truthvalue(A,T),
not atomOccForgotten(A,L). (AF17)

If, on the other hand, X' needs to be forgotten, it means that the (sub)formula consisting
of X! evaluates to the opposite truth value:

truthvalue(F,t) :- formulalsAtomOcc(F,A,L),

truthvalue(A,f),

atomOccForgotten(A,L). (AF18)
truthvValue(F,f) :- formulalsAtomOcc(F,A,L),

truthvalue(A,t),

atomOccForgotten(A,L). (AF19)

All formulas A 2 K must evaluate to t after the forgetting operation is applied. Hence,
we add the following integrity constraint which corresponds exactly to the one we used for
the contension inconsistency measure (see (AC19) in Section 4.2):

:- truthValue(F,f), kbMember(F). (AF20)
Lastly, we need to minimize the number of atom occurrences which are forgotten:

#minimizefl,A,L : atomOccForgotten(A,L)g. (AF21)
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The union of the rules (AF1)—(AF21) defined above (see Encoding 8 in Appendix A.2.2
for an overview) constitute the extended logic program P¢(K). With M being an answer
set of P¢(K), we denote the set of atom occurrences that are forgotten as

Fm = X! j X 2 At(K); atomOccForgotten(X,1) 2 Mg
Theorem 8. Let My be an optimal answer set of P¢(K). Then jFm ) = 1:(K).
The proof of the above theorem is provided in Appendix A.2.2.

Example 17. Consider again the knowledge base K7 from Example 10:
8 9
o <z§ﬁ/\z§ﬁ_ zgj{ Zfﬁ ) Zy{—
- I—{f—}’ I—fz—}’ r-{s-};

We aim to construct Ps(Kz), i. e., an ASP encoding which allows us to retrieve l¢(K7). To
begin with, the formulas 1, 2, and 3 are represented using KoMember/1 (AF1), exactly as
in Example 16. Likewise, the representation of the conjunction (AF3), disjunction (AF}),
and negation (AF5) is the same as in Example 16. We label each atom occurrence to get
K'7 = fx! ~yl x2 _y?; 2x3g, and represent each atom occurrence via (AF2):

formulalsAtomOcc( 1:1;X;1): formulalsAtomOcc( 1:2;Y;1):
FformulalsAtomOcc( o:1;X;2): formulalsAtomOcc( o:2;Y;2):
FformulalsAtomOcc( 3;X;3):

The remainder of the logic program, i.e., (AF6)-(AF21), is static.

4.4 The Hitting Set Inconsistency Measure

The hitting set inconsistency measure 1,(K) is defined by the size of the minimal hitting
set wrt. a knowledge base K, subtracted by 1. The maximal size of such a hitting set is
determined by the number of formulas in K. Further, 1 refers to the i-th interpretation out
of the jKj possible interpretations we need to consider, assuming that the interpretations
have an arbitrary, but fixed order. We construct an extended logic program Py, (K) which
computes Iy, (K) as follows.

We begin by representing each element A 2 K (AH1) as well as each conjunction (AH4),
disjunction (AH5), and negation (AH6) in the same manner described in the two preceding
sections. Atoms are represented as atom/1 (AH2), and formulas consisting of individual
atoms are represented as formulalsAtom/2 (AHT). The two classical truth values are en-
coded in the same fashion as shown in Section 4.3 (AH9). In addition, the hitting set
inconsistency measure requires the use of interpretations. Therefore, we add jKj interpre-
tations as follows:

interpretation(l..jKj). (AH3)

Again, we need to model that each atom takes exactly one (classical) truth value. How-
ever, as opposed to the two previously discussed measures, wrt. 1}, we need to take into
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account the formulas’ interpretations. Consequently, each atom requires a unique evalua-
tion wrt. each interpretation. We model this by introducing the predicate truthValuelnt/3
which represents the truth value of an atom wrt. a specific interpretation:

1ftruthvaluelnt(A,1,T) : tv(T)gl :- atom(A),
interpretation(l). (AH10)
The connective encodings for each (sub)formula follow classical propositional entailment.
Hence, the rules which model conjunction, disjunction, and negation wrt. 1 are essentially

the same as those wrt. I¢, but with an additional reference to an interpretation:

truthvaluelnt(F,1,t) :

conjunction(F,G,H),
interpretation(l),
truthvaluelnt(G,1,t),
truthvaluelnt(H,1,t). (AH11)
truthvaluelnt(F,1,f) :- conjunction(F,_,.),

interpretation(l),

not truthvaluelnt(F,I1,t). (AH12)
truthvaluelnt(F,1,f) :- disjunction(F,G,H),
interpretation(l),
truthvaluelnt(G,1,f),

truthvaluelnt(H,1,f). (AH13)
truthvaluelnt(F,1,t) :- disjunction(F,_, ),

interpretation(l),

not truthvValuelnt(F,1,f). (AH14)
truthvaluelnt(F,1,t) :- negation(F,G),

truthvValuelnt(G,1,f). (AH15)
truthValuelnt(F,1,f) :- negation(F,G),

truthValuelnt(G,1,t). (AH16)

If a formula is composed of an individual atom, it needs to be assigned the same truth value
as the atom itself wrt. an interpretation:

truthvaluelnt(F,1,T) :- formulalsAtom(F,G),
truthvaluelnt(G,1,T7),
interpretation(l),
tv(T). (AH17)

In order to meet the definition of the hitting set measure, each formula A 2 K must
evaluate to t wrt. at least one interpretation included in the hitting set. We model this by
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using the predicate truthValue/2 as follows:

truthvalue(F,t) :- truthvaluelnt(F,I,t),
kbMember (F),
interpretation(l),
interpretationActive(l). (AH18)

The predicate interpretationActive/l serves the purpose of marking which interpreta-
tions are included in the final hitting set. Later on, we minimize the number of those “active
interpretations”. However, to ensure that at least one (and at most jKj) interpretations are
included in the hitting set, we require the following cardinality constraint:

1finterpretationActive(l) : interpretation(l)gjKj. (AHS)
To avoid symmetries introduced by (AHS8), we add another integrity constraint:
:- interpretationActive(l), 1<I1, not interpretationActive(l-1). (AH20)

If a formula A 2 K is not t wrt. any interpretation, it is . In other words, if
truthValue(A,t) is not included in the answer set, then A is false with regard to all
interpretations:

truthvalue(F,f) :- kbMember(F), not truthValue(F,t). (AH19)

However, since every formula in K must be satisfied by at least one interpretation, we need
to include the following integrity constraint:

;- truthValue(F,T),kbMember(F). (AH21)

At last, we minimize the number of interpretations that are required to be “active” in
order to satisfy all formulas in the given knowledge base:

#minimizefl,1 : interpretationActive(l)g. (AH22)

We define Py(K) to be the extended logic program specified by the union of all rules
defined in (AH1)—(AH22) (see Encoding 9 in Appendix A.2.3 for a complete list of all rules).
Let M be an answer set of Py, (K). We define the set of interpretations !; represented in M as
Q(M) = fI; j interpretationActive(!"”) 2 Mg, with 17" being an ASP representation
of 1j. The proof of the following theorem can be found in Appendix A.2.3.

Theorem 9. Let My be an optimal answer set of Py(K). Then jQ(Mo)j 1 = IL(K). If
no answer set of Py(K) exists, 1,(K) = 1.

Example 18. Consider again the knowledge base K7 from Example 10:
8 9
o U
- I—{f—}’ I—{z—}’ r-{s-};
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Our aim is to construct Py(Ky), i.e., an ASP encoding which allows us to retrieve the
1,(K7). The formulas in K7 are represented the same way as in Example 16 and 17, using
kbMember/1 (AH1). Atoms are represented like in Example 16 as well (by using atom/1).
Likewise, subformulas consisting of individual atoms (AH7) are modeled as in Example 16.
Moreover, the conjunction (AH4), disjunction (AH5), and negation (AHG6) are also defined
as before. However, we now need to define jKyj = 3 interpretations via (AH3):

interpretation(1::3):

Also, we ensure that at least one and at most jK7j = 3 interpretations are included in the
hitting set (AHS):

1finterpretationActive(X) : interpretation(X)g3:
The remainder of the logic program, i.e., (AH9)-(AH22), is static.

4.5 The Max-Distance Inconsistency Measure

Recall that, given a knowledge base K, the max-distance inconsistency measure 15'** aims to
find an interpretation that has a minimal maximum distance to the models of the formulas
A 2 K. We construct an extended logic program Pj***(K) that calculates 17**(K) as
described in the following.

Atoms are represented as atom/1, as described previously in the context of 1., Iy,
and Iy (see also (ADM2) in Encoding 10). Conjunctions, disjunctions, negations, and
formulas consisting of single atoms are handled exactly as presented in the previous section
(see (ADM4)-(ADM7) and (ADM11)-(ADM17) in Encoding 10). Truth values are again
defined by tv/1 (ADM9), and unique atom evaluation is also expressed as for I, (ADM10).
Moreover, we use the predicate interpretation/1 to represent jKj + 1 interpretations:

interpretation(0. .jKj). (ADM3)

As opposed to the encoding of 1, which only requires jKj interpretations, the encoding of
17'% requires jKj + 1 interpretations. This is due to the fact that for 17'** we first need
to provide jKj interpretations in order to ensure that each formula is satisfied by at least
one interpretation (i.e., that we have at least one model for each formula). However, the
interpretation with the smallest maximum distance to the formulas’ models is not necessarily
a model of one of the formulas itself. Thus, we need to provide one additional interpretation
and end up with a total of jKj 4 1 interpretations.

As stated previously, each A 2 K must be satisfied by at least one interpretation. To
achieve this, we demand that the i-th formula in K must be satisfied by the i-th interpreta-
tion. In order to model this in ASP, we first add a fact for every A 2 K which additionally
incorporates an index i:

kbMember (A, i) . (ADM1)

Further, we need to add an integrity constraint which ultimately ensures that the formula
with index i cannot be set to f (i.e., must evaluate to t) under the i-th interpretation:

;- truthvaluelnt(F,I,f),
kbMember(F, 1). (ADM18)
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We know that the i-th formula in K must be satisfied by the i-th interpretation. Thus,
each interpretation 1; with i 2 f0;:::;jKj 1g is a model of at least one formula in K.
We are now looking for an interpretation !jk; with the smallest maximum distance to the
models of each formula. In the worst case, 17'**(K) = jAt(K)j. We represent each possible
value as follows.

diff(1..X) :- X = #countfA: atom(A)g. (ADM19)

By means of the #count aggregate above, we count the number of (ground) atom/1 in-
stances. We can now calculate the distance between 1jk; and the models of each formula
using another #count aggregate:

d(X) :- diff(X),
interpretation(l),
X <= #countfA: atom(A),
truthvValuelnt(A,1,T),
not truthValuelnt(A,jKj,T)g. (ADMS)
Essentially, d/1 checks how many different values the distance between jk; and each model
corresponding to a formula can take. Since diff/1 ensures that d/1 is only derived once

for a given value, we can count how many different values (i.e., different distances) are
calculated. By minimizing this value, we indirectly get the minimal maximum distance:

#minimizefl,X : d(X)g. (ADM20)

Let P be the extended logic program specified by the union of rules (ADMI)-
(ADM20) (see Encoding 10 in Appendix A.2.4 for a complete overview). Further, let
Dy = fn jd(n) 2 M;n 2 Ng wrt. an answer set M. The proof of the theorem be-
low is given in Appendix A.2.4 as well.

Theorem 10. Let Mg be an optimal answer set of Pi***(K). Then D) = 17*(K). If
no answer set of Py (K) exists, 17**(K) = 1.

Example 19. Consider agam the knowledge base K7 from Examgle 10:

<23, A g g e

Kr=. =y 1—t—

In this example, we aim to construct Py***(Kz), i.e., an ASP encoding which allows us
to retrieve 17**(Kz). Following (ADM1), we assign each formula in K7 an indexr i 2
f0;:::;jK7j 19, i.e., 1 2 F0;:::;29:

kbMember( 1;0): kbMember( o;1): kbMember( 3;2):
Moreover, we need to define jK7j+ 1 (i.e., 4) interpretations (ADM3):
interpretation(0::3):

Atoms are represented using atom/1 (ADM2), as we saw in Example 16 and 18. The same
applies to the conjunction (ADMY), disjunction (ADMS5), and negation (ADMG6), as well
as all (sub)formulas consisting of individual atoms (ADM?7).

The remainder of the program, i.e., (ADM8)-(ADM20), is static.
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4.6 The Sum-Distance Inconsistency Measure

The difference between the sum-distance inconsistency measure IE and the max-distance
inconsistency measure 17*** is the definition of the “optimal” distance. While 137'** aims
to find the smallest maximum distance, IE seeks to find the smallest sum of all distances
between an interpretation Yjk; and the models of all A2 K (i.e., ¥j with 0 i <]jKj). As
opposed to 17***, we do not need to model the different distances explicitly—we can model
the summation directly by means of the following minimize statement:

#minimizefl,A,1: atom(A),
truthvaluelnt(A,1,7),
not truthValuelnt(A,jKj,T)g. (ADSS)

Intuitively, we consider all models '; and sum up the number of differing atom valuations
wrt. Yikj. (Each differing atom valuation per !j is counted as 1.) Due to the minimization,
we get the minimal sum of distances.

Let sz be the extended logic program specified by the union of rules (ADS1)-(ADS18)
(see Encoding 11 in Appendix A.2.5 for a complete overview). Further, let M be an answer
set of sz, and let 2 ft; fg. We define

Dy = fdiffym (X; i) j truthvaluelnt(X;i; ) 2 M; truthvaluelnt(X;jKj; ) 2 Mg:
The proof of the following theorem is provided in Appendix A.2.5.

Theorem 11. Let Mgy be an optimal answer set of PdZ(K). Then jD,\ZAOj = IdE(K). If no
answer set of PY(K) exists, 17(K) = 1.

Example 20. Consider again the knowledge base Ky from Example 10:
8 9
< <2§J¥Az§)1; ij? Zf}i; i Z?{:
z I—{f—} |—{§— r-{3-};

In this example, we aim to construct PdZ(K7), i.e., an ASP encoding which allows us to
retrieve the sum-distance inconsistency value of Ky. The formulas in Ky, the atoms in
At(Ky7), the interpretations, the conjunction, the disjunction, the negation, and the sub-
formulas consisting of individual atoms are encoded as described in (ADS1)-(ADS7) (see
Encoding 11), which corresponds exactly to (ADM1)-(ADM?7) wrt. 11'** (see Example 19).
Since JKj = 3, the minimize statement (ADMS) is expressed as follows.

#minimizefl,A,1: atom(A);
truthValuelnt(A; I;T);
nottruthValuelnt(A; 3;T)g:

The remaining rules, i.e., (ADS9)-(ADS18), are static.
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4.7 The Hit-Distance Inconsistency Measure

As for the SAT-based approach, in order to model the hit-distance inconsistency measure
11 in ASP, we use the characterization that 1}i*(K) is equal to the minimal number of
formulas that need to be removed from the given knowledge base K in order to render it
consistent. Utilizing the latter characterization, we construct an extended logic program
Phit which calculates 1}i*(K) as described below.

To start with, atoms, conjunctions, disjunctions, negations, and formulas consisting
of single atoms are represented exactly as presented before wrt. 17 and IE (see also
(ADH2)-(ADH6) in Encoding 12). Likewise, we define the two truth values via tv/1
(ADH7). Moreover, we need to ensure once again that each atom is assigned a distinct
truth value. This is realized in the same manner as for I, and Iy (ADHS).

As we do not need to take into account multiple interpretations at the same time, the
assignment of truth values as well as the functionality of the connectives does not need to in-
clude a representation of the concept of interpretations. Thus, conjunction, disjunction, and
negation are therefore modeled in the same manner as presented for Iy (ADH9)-(ADH14).
If a formula consists of an individual atom, its evaluation is modeled in the same way as
presented for 1. (ADH15).

As opposed to the encodings of the other two distance-based measures, elements of the
given knowledge base K do not require an index in the encoding of Iéﬁt. Thus, instead
of representing A 2 K in combination with an index i as kbMember(A,i), we simply use
kbMember (A) (ADH1), like we saw previously in the encodings of I, I¢, and Iy,.

The objective is to minimize the number of formulas in K which are evaluated to f. To
achieve this, we first define a rule that extracts the truth values of those formulas which are
elements of K.

truthValueKbMember(F,T) :- kbMember(F),
tv(T),
truthValue(F,T). (ADH16)

Now we can minimize the number of formulas which are evaluated to f—i.e., we minimize
the number of formulas which need to be removed in order to make K consistent.

#minimizefl,F : truthValueKbMember(F,f)g. (ADH17)

Let P2 be the extended logic program specified by the union of rules (ADH1)-(ADH17)
(see Encoding 12 in Appendix A.2.6 for a complete overview). Further, with M being an
answer set, we define Kyg = TA*P j A 2 K; truthValueKbMember (A®?P; ) 2 Mg with A*P
being an ASP representation of A. The proof of the theorem below can also be found in
Appendix A.2.6.

Theorem 12. Let My be an optimal answer set of PYY(K). Then jKm,j = 17H(K).
Example 21. Consider again the knowledge base K7 from Example 10:
8

(S)
<= A WA f-%g;
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In this example, we aim to construct Pg‘it(K7), i.e., an ASP encoding which allows us to
retrieve 1M(K7). At first, we use koMember/1 (ADHI) to represent the formulas 1, o,
and 3 in the same fashion as wrt. 1., l¢, and 1y, (see Example 16). Further, the atoms,
the conjunction, the disjunction, the negation, and the subformulas consisting of individual
atoms (see (ADH2)-(ADHG6)) are represented ezactly as wrt. 1o, ly, 11 and 13 (see
again Example 16). The remaining rules, i.e., (ADS7)-(ADS17), are static.

5. Evaluation

The aim of our experimental evaluation is to compare the proposed SAT-based and ASP-
based approaches to each other wrt. all six inconsistency measures considered in this work.
We additionally compare our methods to naive baseline algorithms (see Section 5.2) in terms
of runtime. Although we can expect both the SAT-based and the ASP-based approaches to
be superior to the baseline methods (regarding ASP this has already been demonstrated for
I, If, and 1}, (Kuhlmann & Thimm, 2021), and regarding SAT this has been shown for I
in (Kuhlmann et al., 2022)), we still draw this comparison in order to concretely quantify
this assumption. Besides, the baseline algorithms are, to the best of our knowledge, the
only existing implementations for the inconsistency measures in question. However, as the
result of comparing the SAT and ASP methods is far less predictable (both SAT and ASP
are established formalisms for dealing with problems on the first level of the polynomial
hierarchy), we examine the two approaches more closely.

5.1 Experimental Setup

Due to the unavailability of standard benchmarking sets for inconsistency measurement, we
compiled a series of different data sets, either by artificially generating knowledge bases or
by translating benchmark data from other fields. For all these data sets the goal was to
have benchmark instances that are (mostly) inconsistent and feature a structure that can
be expected in real-world applications. We compiled five data sets in total that we briefly
describe in the following. Note that the SRS data set and the ML data set were already
used in (Kuhlmann et al., 2022); the remaining three data sets are novel.%

SRS Data set SRS consists of knowledge bases randomly generated using the SyntacticRan-
domSampler provided by TweetyProject”. This generator randomly generates a single
propositional formula ® as follows. Given input parameters pq; Pc; Pn 2 [0; 1] with
Pd+Pc+pPn 1, it is randomly chosen whether @ is a disjunction ® = ¥y _ ¥y (with
probability pg), a conjunction ® = Wy N Wy (with probability p¢), a negation ® = - ¥y
(with probability pn), or a proposition ® = X (with probability 1 pq pc Pn; the
exact proposition is chosen uniformly at random from some given set of propositions).
If ® is not a proposition then this process is repeated for the subformula ¥; (and
additionally Wy in the first two cases), where the probabilities for the first three cases
are multiplied by some discount parameter d 2 (0;1) (in order to ensure that the
process will, in practice, terminate at some point).

6. Download (all data sets): https://fernuni-hagen.sciebo.de/s/sML2faFBiCiblnm
7. http://tweetyproject.org/api/1.19/org/tweetyproject/logics/pl/util/
SyntacticRandomSampler.html
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Signature Formulas / Mean sig. Max. sig. Mean Max
size KB size / size / | #atom occ. | #atom occ.
formula formula / formula / formula

3 5-15 1:69 3 2:23 6
) 15-25 2:32 9 3:11 11
10 15-25 2:70 8 3:13 10
15 15-25 2:80 9 3:11 11
15 25-50 2:81 9 3:11 11
20 25-50 2:88 11 3:11 11
25 25-50 2:91 12 3:09 13
25 50-100 2:92 10 3:11 11
30 50-100 2:94 11 3:10 13

Table 3: Overview of the sets of knowledge bases making up data set SRS. Each row
represents a set of 200 knowledge bases. The columns describe (from left to right) the
signature size, the number of formulas per knowledge base, the mean (resp. maximum)
signature size per formula, and the mean (resp. maximum) number of atom occurrences per

formula.

We created a total of 1800 knowledge bases using the SyntacticRandomSampler. In
order to include instances of varying complexity, we used different parameter settings
to create nine sets which each consist of 200 knowledge bases. To be specific, we used
different signature sizes and different numbers of formulas per knowledge base. The
parameters Pqg, Pc, and pn were always set to 0:3. A more detailed overview of the
composition of the SRS data set is given in Table 3.

ML The ML data set consists of knowledge bases containing formulas learnt from ma-

chine learning data (Thimm & Rienstra, 2020). More precisely, the data set “Animals
with attributes”® describes 50 animals, e.g. ox, mouse, or dolphin, using 85 binary
attributes such as “swims”, “black”, and “arctic”. We used the Apriori algorithm
(Agrawal & Srikant, 1994) to mine association rules from this data set for a given
minimal confidence value ¢ and minimal support value s. All these rules were then
interpreted as propositional logic implications. Finally, we selected one animal at ran-
dom and added all its attributes as facts (thus making the knowledge base inconsistent
as even rules with low confidence values were interpreted as strict implications). We
set

¢ 2 0:6; 0:65; 0:70; 0:75; 0:8; 0:85; 0:90; 0:95¢;
s 2 10:6; 0:65; 0:70; 0:75; 0:8; 0:85; 0:90; 0:95¢;

and allowed maximally 4 literals per rule. The final data set contains 1920 instances.

ARG Data set ARG consists of a total of 326 knowledge bases extracted from benchmark

data of the International Competition on Computational Models of Argumentation

8. http://attributes._kyb.tuebingen.mpg.de
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#Formulas Sig. size #Con. /formula
Name #KBs Mean ‘ Std. Mean Std. Mean ‘ Std.
SRS 1800 36 24 16 9 3:1 2:0
ML 1920 7506 17984 76 0 5:5 1:4
ARG 326 989 2133 827 1781 198:3 455:1
SC 100 14254 12788 2559 2616 4:5 3:9
LP 45 9150 4683 10097 4834 11:0 905:1

Table 4: Overview of some properties of the data sets used in the evaluation, which include
(from left to right) the total number of knowledge bases, the number of formulas per knowl-
edge base (mean and standard deviation), the signature size per KB (mean and standard
deviation), and the number of connectives per formula (mean and standard deviation).

2019 (ICCMA’19)”. An abstract argumentation framework (Dung, 1995) is a directed
graph F = (A;R) where A is a set of arguments, and R models a conflict relation
between such arguments. A computational task here is to find a stable extension, i.e.,
aset E A with (a;b) 2R for all a;b 2 E and (a;¢) 2 R for all c 2 AnE and some
a 2 E. For each instance from ICCMA’19, we encoded the instance and the problem
of finding such a stable extension via the approach from (Besnard, Doutre, & Herzig,
2014) and, additionally, added constraints to ensure that 20% of randomly selected
arguments have to be contained in E. Note that the latter constraints usually make
the knowledge base inconsistent.

SC Data set SC consists of the 100 smallest (in terms of file size) instances of the benchmark
data set from the main track of the SAT competition 2020.°

LP Data set LP is generated from benchmark data for answer set programming. More
specifically, we used the problems 15-Puzzle (11 instances), Hamiltonian Cycle (20
instances), and Labyrinth (14 instances). available from the Asparagus website!l.
Each problem specification and a single instance was first grounded and then converted
to a propositional logic knowledge base using Clark completion (Clark, 1978), i.e., a
procedure that, basically, (’G.anslates ru]\e,S Lo :-Ly;::::5 Lo - Ln: with identical head
to a single formula Lo $ L; _:::_  Lp (where each L, i 2 f1;:::;ng, may be a
set of literals). Both classical negation and default negation in the rules are converted
to logical negation in the resulting propositional formula.'?

An overview of some basic statistics (including the number of instances, the mean num-
ber of formulas, the mean signature size, and the mean number of connectives per formula)
of all five data sets is provided in Table 4.

9. http://argumentationcompetition.org/2019/
10. https://satcompetition.github.i0/2020/downloads.html
11. https://asparagus.cs.uni-potsdam.de
12. Note that this procedure does not maintain the semantics of the original logic program. However, since
we are not interested in computing solutions to the original problems but only require benchmarks that
feature a similar structure as application scenarios, we believe that this does not pose an issue.
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Both the SAT-based and the ASP-based approaches are implemented in C++. The
SAT solver we use is CaDiCal sc2021'3 (Biere, Fazekas, Fleury, & Heisinger, 2020), and the
ASP solver we use is Clingo 5.5.1'* (Gebser, Kaminski, Kaufmann, & Schaub, 2019). For
the computation of cardinality constraints in SAT we use sequential counter encoding (Sinz,
2005), and for transforming formulas to CNF we use Tseitin’s method (Tseitin, 1968).

Due to the significant amount of time required to complete the evaluation, two different
servers were used to facilitate the evaluation of multiple data sets in parallel. The experi-
ments regarding the SRS data set were run on a computer with 128 GB RAM and an Intel
Xeon E5-2690 CPU which has a basic clock frequency of 2:90 GHz. The other data sets
(ML, ARG, SC, and LP) were evaluated on server instances with 32 GB RAM and an Intel
Xeon Platinum 8260M CPU with a basic clock frequency of 2:40 GHz.

5.2 Baseline Approaches

We will compare our two families of approaches against existing baseline implementations
of the respective measures from TweetyProject. These are quite simple computational ap-
proaches mainly relying on brute force methods which are written in Java. We briefly
explain these baseline approaches as follows:

e The contension inconsistency measure.'®> On input K this approach first converts K
into conjunctive normal form K" (exploiting the fact that the contension inconsistency
value does not change when applying syntactic transformations). Then a SAT solver
is used to check whether K’ is satisfiable. If it is, the inconsistency value is 0 and
the algorithm terminates. Otherwise, for some atom X appearing in K', all clauses
containing X or X are removed (this is equivalent to setting the truth value of X to
b). If the resulting knowledge base is satisfiable, the inconsistency value 1 is returned.
Otherwise, every other atom appearing in K' is tested in the same way. If none of the
resulting knowledge bases is satisfiable, the procedure is continued with all pairs of
atoms appearing in K’, and so forth.

e The forgetting-based inconsistency measure.'® This approach works similar as the
approach for the contension inconsistency measure. First, satisfiability of the input
K is tested using transformation into conjunctive normal form and application of a
SAT solver. Then, all possible substitutions of forgetting a single atom occurrence
are applied on the input and it is checked whether the resulting knowledge base is
consistent (again by using a SAT solver). Then, all pairs of possible substitutions are
tested, and so on.

e The hitting set inconsistency measure.'” This approach first checks whether there
is a single interpretation that satisfies the input K (by exhaustive enumeration) and
returns the inconsistency value 0 in that case. Then, we check whether there is any
pair of interpretations (by exhaustively enumerating all possible combinations) such

13. https://github.com/arminbiere/cadical

14. https://potassco.org/clingo/

15. http://tweetyproject.org/r/?r=base_contension
16. http://tweetyproject.org/r/?r=base_forget

17. http://tweetyproject.org/r/?r=base_hs

602



COMPARISON OF SAT-BASED AND ASP-BASED ALGORITHMS FOR INCONSISTENCY MEASUREMENT

that every formula is satisfied by at least one of them. If such a pair can be found,
the inconsistency value 1 is returned. Otherwise, the process is repeated with three
interpretations, and so on.

e The maz-distance inconsistency measure.'® This approach simply iterates over all
possible interpretations and calculates the distances to each formula (i. e., the minimal
distance to all models of the formula). The maximum value found is returned.

e The sum-distance inconsistency measure.'* This approach is analogous to the max-
distance inconsistency measure, but sums are calculated rather than maxima.

e The hit-distance inconsistency measure.?? This approach is analogous to the max-
distance inconsistency measure, but only the number of unsatisfied formulas is checked.

It is apparent that theses approaches solve the corresponding problems in quite a naive
fashion, but they are still able to produce results for small (toy) examples.

5.3 Results

In this section, we present the results of our experimental analysis. To begin with, we
compare the overall runtime of the SAT-based, ASP-based, and baseline approaches. Af-
terwards, we analyze more specific aspects, namely the runtime composition of the SAT-
and ASP-based methods, the choice of search strategy used in the SAT-based approaches,
the use of MaxSAT, and a comparison of previous versions of ASP encodings for 1. with
the current version.

5.3.1 OVERALL RUNTIME COMPARISON

Our first goal of the evaluation is to obtain an overview of the runtimes of the different
approaches. To get a most thorough overview, we consider all three approaches for each of
the six measures, and use all five previously described data sets (see Section 5.1).

A timeout was set to 600 seconds (i. e., 10 minutes) for instances from the SRS, ML, and
ARG data sets. For instances from the SC and LP data sets, which are overall more chal-
lenging compared to those instances from the previously mentioned data sets, we increased
the timeout to 5000 seconds (i.e., 83:3 minutes). This corresponds to the time limit used
in the SAT competition 2020, from which the instances in the SC data set were selected.

SRS First we consider the SRS data set, which has been used previously in (Kuhlmann
& Thimm, 2021; Kuhlmann et al., 2022). Table 5 provides the number of solved instances
as well as the cumulative runtime of each approach wrt. each measure and each data set.
(For a more detailed overview, see also the plots in B.1 and B.3.) Looking at the SRS
part of Table 5, a first noticeable observation is that, overall, the ASP-based approaches
perform best, while the naive approaches perform, as expected, poorest. More precisely, the
ASP-based approaches only time out in 175 out of 10;800 cases (1:62%). To set this into
perspective: the SAT approaches time out in 1552 cases (14:37 %), and the naive ones in

18. http://tweetyproject.org/r/?r=base_dmax
19. http://tweetyproject.org/r/?r=base_dsum
20. http://tweetyproject.org/r/?r=base_dhit
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5703 cases (52:81 %). The only exception to this pattern is the sum-distance inconsistency
measure (| dz)—here, the naive approach outperforms the SAT-based one. This might be
due to the fact that the search space for IdE is quite large compared to most other measures?!
(see Table 2). As the maximum non-1 value for 13 is jAt(K)j  jKj, the search procedure
consists of log(JAt(K)j  jKj + 1) steps, and we also need to calculate a new cardinality
constraint exactly as many times. This results in the SAT method for 1 dz being slower than
those for the other two distance-based measures, while the respective naive methods are
about equally fast for all three measures.

From concrete comparisons between each pair of approaches (see Appendix B.3 for some
visualizations) we learn that all ASP-based approaches outperform the SAT-based ones in
almost all cases (see Figure 17). The only exception worth mentioning are a few knowledge
bases for which the SAT approach for 1}, was faster. With regard to the comparison of the
ASP-based and naive methods we observe a similar pattern—again, the ASP methods are
faster than the naive ones in most cases (see Figure 18). There are again a few instances
for which 1y, is computed faster by the naive method. Overall, these results reinforce the
perception conveyed by Table 5 that ASP performs strongest across this data set.

The comparison between the SAT-based and the naive approaches shows that the naive
approach to solving IdE is faster than its SAT-based counterpart in the majority of cases
(see Figure 19), and in addition, there are numerous instances for which the SAT-based
method could not return a result within the time limit, while the naive method could. Wrt.
all other measures (with the exception of 1), there exist some instances for which the naive
approach was faster as well. However, in total, the SAT-based approaches perform superior
to the naive ones.

ML A first glance at the ML part of Table 5 immediately reveals that this data set
appears to be more challenging than the SRS data set, as there are significantly more
timeouts across the three approaches wrt. all six inconsistency measures. To be precise,
the ASP approaches time out in 3666 out of 11;520 cases (31:82 %), the SAT approaches
time out in 7760 cases (67:36 %), and the naive approaches in 9831 cases (85:34 %). Thus,
overall, the relationships between the approaches are again similar to those for the SRS
data set—the ASP approaches achieve the strongest results, the naive ones, as expected,
the weakest.

Particularly noticeable are the results regarding the three distance-based measures. The
naive methods did not solve a single instance for any one of the three measures within the
time limit. The SAT approaches did not yield any results for 17** and I § either; only for
12t a total of 770 instances could be solved. The ASP approach was the only one that
could actually solve a number of instances for both 17'** and | dz.

Another noticeable observation is that the naive approach for It slightly outperforms its
SAT-based equivalent—which was clearly not the case wrt. the SRS data set. This is most
likely due to the fact that the SRS data set contains significantly fewer instances that are
consistent, i.e., have an inconsistency degree of 0, than the ML data set (19 vs. 548 instances;
see Figures 12 and 13 for more information). Since the naive approach first checks whether

21. The only other measure that could possibly result in a higher value wrt. a given knowledge base K is Is.
However, since I+ depends on the number of atom occurrences in K, and 14 depends on the number of
formulas in K as well as the signature size At(K), a general assessment of which measure has a larger
search space is not possible.
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’ ‘ ‘ Naive ‘ SAT ‘ ASP ‘
#solved CRT (s) | #solved CRT (s) | #solved CRT (s)
I 1162 49237 | 1800 793 1800 48
S|k 271 22230 1580 103172 1667 16482
L |1y 647 16176 1792 57644 1792 1612
N P 1006 27156 1618 97589 1800 3919
ZRNE 1006 27188 658 67065 1766 11785
P 1005 26557 | 1800 4585 1800 63
I 1134 19075 1763 99260 1920 9013
= | I 555 3373 523 33994 1467 67220
S|, 0 704 76745 1163 58203
o 0 0 733 89206
= |17 0 0 651 18818
F 0 770 38730 1920 7803
I 103 3045 196 10252 246 9071
= |k 70 1175 68 6395 143 1908
LN 47 1412 157 8539 218 12975
Qg 23 762 85 6222 145 8408
< |13 23 773 30 3694 133 2644
P 23 772 164 3340 157 1382
I 11 15481 13 21244 7 8619
=k 11 11859 1 111 4 285
S| 0 2 153 3 1461
o | e 0 1 313 2 1172
R B 0 0 3 322
P 0 3 2513 5 2347
I 0 0 45 15869
R 0 0 11 36315
S|y 0 0 0
A | Npex 0 0 0
= 0 0 0
b 0 0 31 7983

Table 5: Overview of the number of solved instances and cumulative runtime (CRT) per
data set, measure, and approach. The total number of instances contained in each data set
is provided in braces after the data set name. Timeout: 600 seconds (10 minutes) for SRS,
ML, and ARG, and 5000 seconds for SC and LP.
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the given knowledge base is consistent (by means of a SAT solver), consistent instances
can be solved rather fast, in particular when compared to the SAT-based approach, where
log(jOcc(K)j + 1) calls to a SAT solver are required. Besides, the SAT approach requires
the computation of a SAT encoding for UPPERy, (including the computation of an at-most-
k constraint in each step), which leads to an additional overhead. The same applies to
the naive approach for I.. Furthermore, the naive approaches for I. and Iy might also
yield a result rather quickly if the corresponding inconsistency value is not 0, but still
very low, as they both search for the correct value from low to high in a linear manner.
Deeper analysis revealed that the naive approach for 1. was faster than the corresponding
SAT-based approach in a total of 895 cases. In 507 out of these 895 cases, the contension
inconsistency degree of the respective instances was in fact 0. Moreover, the inconsistency
degree was 1 in 340 cases, and 2 in 48 cases. Whenever the inconsistency degree was > 2,
the naive approach for 1. was slower than the SAT-based approach. Regarding l¢, the naive
approach was also faster than the SAT-based one in 507 cases in which the inconsistency
value is 0. Further, there are 19 instances K with 1:(K) = 1 which could be solved faster
by the naive approach; there are no instances with l¢(K) > 1 where this is the case.

Wrt. ASP, the picture looks a bit different: the naive method was faster than the ASP-
based method in only 65 cases for I., and 57 cases for l¢. In 45 of the cases regarding I,
the inconsistency value is 0, and in the remaining 20 cases it is 1. With regard to I¢, in 56
out of the 57 cases in which the naive approach was faster, the corresponding inconsistency
value is 0, and in the single remaining case it is 1.

A comparison between the runtimes of the ASP-based and the SAT-based approaches
(see Figure 20) shows that the former are faster wrt. all instances. When comparing the
ASP approaches with the naive ones (see also Figure 21), we can see that there is a number
of instances which could be solved by the naive method for l¢, while the ASP-based one
resulted in a timeout. Yet overall, the ASP methods perform significantly superior compared
to the naive ones. The comparison between the SAT approaches and the naive ones looks
similar, however the naive approaches overall perform a bit stronger than when compared
to the ASP-based versions. However, although the SAT-based methods are outperformed
by the naive ones in a total of 1465 cases, the former still solve 1799 instances more than
the latter (across all inconsistency measures).

ARG From the ARG part of Table 5 we can observe that all three approaches wrt. all six
inconsistency measures can solve some instances, but none can solve all instances from the
data set. In total, the ASP-based approaches time out in 914 out of 1956 cases (46:73 %),
the SAT-based approaches time out in 1256 cases (64:21 %), and the naive ones in 1667
cases (85:22%). Once again, the ASP approaches overall clearly perform strongest, and
the naive ones weakest. However, similarly to what we observed for the ML data set, the
naive approach for Iy performs a bit stronger than the SAT-based one. Another exception
to the overall pattern is that the SAT-based and the ASP-based approaches for Igit solve
a quite similar number of instances; in fact, the ASP-based approach produces a few more
timeouts than the SAT-based one. This has not been the case for any measure with regard
to the SRS or ML data set. However, it should also be mentioned that the ASP approach
is clearly faster in the majority of cases (see also the scatter plot in Figure 23f). Further,
wrt. Id2 , the naive method and the SAT-based method perform similarly. Nevertheless,
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although the SAT-based approach is a bit slower on average, the naive one still produces 7
more timeouts.

The results of a comparison regarding the individual runtimes per knowledge base be-
tween the ASP-based, SAT-based, and naive approaches underline the proposition that the
ASP-based approaches perform superior to the SAT-based and naive ones on the ARG data
set. The comparison to the SAT-based approaches (see Figure 23) shows that ASP is faster
in all cases, except for a few instances wrt. I, and I(}iﬁt. Compared to the naive approaches
(see Figure 24), the ASP-based ones were faster in all cases, except for one instance in which
the naive version was slightly faster wrt. Iy.

The comparison between the SAT-based and the naive approaches (see Figure 25) shows
that the naive ones outperformed the SAT-based ones in multiple cases. More precisely, wrt.
all inconsistency measures (except 111) there are instances for which the naive approach
was faster. In particular, there are some instances for which the SAT-based versions of I¢
or IE time out, but their naive counterparts do not. At large, the SAT approaches still
perform superior to the naive ones. This becomes particularly clear on inspection of the
number of instances that the SAT-based methods can solve within the time limit, but the
naive versions cannot.

SC To begin with, we would like to recall the fact that we increased the timeout for the
data sets SC and LP to 5000seconds (83:3minutes). However, even with this increased
timeout, the data set still poses a great challenge for all three approaches wrt. all six
inconsistency measures. On the other hand, this is not entirely surprising—in a SAT com-
petition, the problem at hand is to decide whether a given knowledge base is satisfiable
or not (which is NP-complete), while the problem we are dealing with in this work is to
determine an inconsistency value (which is in FPNPlogn] wrt 1, and 1'%, and proven to
be FPNPIogN_complete wrt. I, Iy, 17, and 1} (Thimm & Wallner, 2019)).

In summary, all three approaches time out in most cases—the ASP approaches in 576
out of 600 cases, the SAT approaches in 580, and the naive approaches in 578 cases (see
Table 5 for more details). It should be noted that wrt. the naive methods, only the those
for 1. and It could solve any instances whatsoever. The reason for this behavior is most
likely the previously mentioned fact that the naive approaches for both 1. and I¢ use a
SAT solver to check whether the given knowledge base is consistent as a first step, which
allows for retrieving the inconsistency value fast in case it is 0. If the inconsistency value is
1, both approaches can still yield a result rather fast if the “correct” atom (in the case of
I.) or atom occurrence (in the case of I¢) is removed at an early stage. Our analysis (see
Figure 15) shows that, in fact, all instances from the SC data set that could be solved have
either inconsistency value 0 or 1 (wrt. all measures).?? Furthermore, all knowledge bases in
the data set at hand are already provided in CNF—hence, as opposed to all other data sets
considered in this work, the formulas do not require any additional transformation steps for
the SAT approaches.

LP At last we inspect the runtime results regarding the LP data set. Again, the timeout
is set to 5000s. The results (see Table 5) show that neither one of the SAT-based or naive
approaches could solve any instance for any of the six measures within the time limit. As

22. This is a quite reasonable result, as the knowledge bases in this data set were designed for a SAT
competition. Hence, it is supposed to be challenging to decide whether they are unsatis able at all.
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for the ASP-based approaches, some instances could be solved wrt. I, I, and I(}i‘it, but
wrt. Iy, 17, and I g, again, not a single inconsistency value could be determined within
the time limit. To be exact, we can observe that the ASP-based method for 1. could, in
fact, solve all 45 instances, while the one for It could solve 11 instances, but timed out
34 times. The ASP method for I(}i1it solved 31 instances, and consequently timed out in 14
cases. A closer look at the runtimes (see also Figure 7) reveals that, although the ASP-based
approaches for 1., ¢, and Igit could solve a number of instances, they did require a rather
large amount of time in a lot of cases, in particular wrt. It. More precisely, the ASP-based
method for I, still solved 16 instances between 10 and 100s, however, the remaining 29
instances took between 100 and 1000s, with 12 of them exceeding the 500s mark. With
regard to the ASP method for I¢, all instances (except one) even require > 1700s. These
comparatively long runtimes might be an indicator of why none of the SAT-based or naive
approaches could solve even a single instance.

5.3.2 RUNTIME COMPOSITION

The experiments illustrated in the preceding section revealed that the ASP-based ap-
proaches overall outperform their SAT-based and naive counterparts. Whereas this is not
surprising wrt. the naive methods, it is not immediately clear why the SAT methods are
outperformed as well. The objective of this section is to explore the reasons for this in
more detail by investigating how the runtimes of both the SAT and the ASP methods are
composed on average.

Because both the ASP and the SAT approaches solved a significant number of instances
from the SRS data set, and, respectively, the ARG data set, wrt. all six inconsistency mea-
sures, we selected those two data sets for further analysis. More specifically, we examined
the average runtime composition, meaning we defined a number of categories representing
the main elements of the approaches and measured how much of the overall runtime is spent
on each of them. The categories are “encoding generation”, “solving”, and for the SAT ap-
proaches additionally “transformation to CNF”. Moreover, we defined the category “other”
for any remaining tasks, such as loading the given knowledge base. Note that “solving”
does not only include the plain solving time, but also the solver initialization for both ASP
and SAT methods.

Furthermore, we compare the average runtimes of the SAT and ASP approaches wrt.
each measure and regarded data set. For the SAT methods, this includes all required
search steps, i.e., multiple encoding generation steps (this particularly affects cardinality
constraints), multiple solver calls, and multiple transformations to CNF.

To begin with, we consider the results wrt. the SRS data set. In total, the ASP ap-
proaches take between 0:03s (1. and I(}ilit) and 9:89s (l¢), and the SAT approaches between
0:44s (1) and 101:92s (1F) on average. Figure 1 visualizes the runtime composition of
the ASP-based and the SAT-based approach for I.. We see that the encoding generation
covers the largest fraction of the overall average runtime of the SAT-based approach. Wrt.
the ASP-based approach on the other hand, encoding generation merely takes a very small
fraction of a second (and is thus not even visible in the figure). Solving makes up the
second-largest share of the overall runtime of the SAT-based method; the other two cate-
gories (i.e., the transformation to CNF, and “other”) only have a relatively minor impact.
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Figure 1: Overview of the average runtime composition of the ASP-based and SAT-based
approaches forl ¢ wrt. the SRS data set.

Figure 2: Overview of the average runtime composition of the ASP-based and SAT-based
approaches forl ¢ wrt. the SRS data set.

Regarding the ASP-based method, both solving and \other" contribute signi cantly to the
overall runtime. A probable reason for the relatively large proportion of \other" is the
overall very short average runtime of the ASP-based approach.

The previously described ndings do not, however, re ect the results regarding the
remaining ve inconsistency measures on the SRS data set. More precisely, wrt. the SAT-
based approaches for the latter measures (i.el,, | n, | ', 14, and| Q“), the encoding part
does not make up the largest fraction of the overall average runtimelin fact, it makes up
a signi cantly smaller proportion than solving or CNF transformation in all cases (see also
Figure 33). The transformation to CNF, which represents the smallest runtime component
for I ¢, plays a more prominent role for the other measures. In the case dfy, it even
represents the largest fraction. Regarding the forgetting-based, as well as all three distance-
based measures, the largest runtime component is comprised by solving. Figure 2 shows the
runtime composition with regard to |, which represents the previously described pattern
that can also be applied tol '@, I ,, I i, and (under the restriction that the solving-to-
CNF transformation ratio does not quite t) also to |. Moreover, this gure shows that
the only relevant runtime component of the ASP-based approach foi ; is the solving part.
The same applies to the four remaining measuresl ¢, | §'*, I 4, | Q“) as well.

As mentioned in the beginning of this section, the total runtime of both ASP and SAT
approaches di ers from measure to measure. Moreover, the ratio of the average ASP runtime
to the average SAT runtime di ers wrt. the inconsistency measures as well. For example,
wrt. | ft, ASP is roughly 73 times as fast as SAT (€03s vs. 2555), however, wrt.| ¢, ASP
is only about 7 times as fast (989 s vs. 65305s).

Some observations we made wrt. the SRS data set also apply to the ARG data set:

" For the ASP-based approaches, the solving part is essentially the only relevant com-
ponent regarding the overall runtime.
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" For the SAT-based approaches, solving overall makes up the most relevant part of the
runtime composition.

~ Wirt. the SAT approach for | ¢, the encoding generation part takes up a larger share
of the overall runtime than wrt. the SAT approaches for the other ve measures.

" Wrt. the SAT approach for | y, the transformation to CNF takes up a larger fraction
of the overall runtime than wrt. the SAT approaches for the other measures.

On the other hand, the runtime composition wrt. the ARG data set also provides some
new insights (see Figure 34 for an overview of all six measures). To begin with, the ratio
between the average ASP runtime and the average SAT runtime is smaller than wrt. the
SRS data set. More precisely, an ASP approach is at most roughly 7 times as fast as its
corresponding SAT version (¢). Moreover, in the case ofl j,, the SAT-based method is on
average even a bit faster than the ASP-based one. However, this observation has to be taken
with a grain of salt[the number of instances the ASP-based method could solve is higher
than the number of instances the SAT-based approach could solve, and when considering
individual knowledge bases, the ASP method was faster in each case (see Figure 23c).

5.3.3 Linear Search in SAT Approaches

In addition to the runtimes of the di erent approaches considered in this work we logged
the inconsistency values wrt. the di erent measures and data sets (in Appendix B.2, we
include histograms over all inconsistency values that could be retrieved for each data set and
measure). From the results we can see that the range of inconsistency values varies greatly,
in particular when considering the size of the search space. For instance, the contension
inconsistency values range from 0 to 25 on the SRS data set, with a maximum possible
value of jAt(K)j = 30 (for the largest fraction of instances). In contrast, the max-distance
inconsistency measure has the same search spacd asbut the values we actually measured
in our experiments are only ranging from 0 to 2, with roughly 1000 instances resulting in
the value 1. Another example is the sum-distance measure|here, the values are ranging
from O to 42. However, the search space is much larger, with a maximum possible value
of jAt(K)j jKj = 30 100 = 3000 (again, for the largest instances). These observations
raise the question of whether the binary search approach used in the SAT-based methods
is the most practical solution in all cases. We therefore conduct an experiment to compare
the previously used SAT approach which includes a binary search procedure to an adapted
version which uses linear search instead.

In our experiment, we focus on the three previously mentioned inconsistency measures
(Ie, 17, and | §) wrt. the SRS data set. Table 6 displays the results (see also Figures
8, 29, and 30 for further visualizations). We can see that with regard tol ¢, the linear
search variant of the SAT approach is on average a bit slower than the binary search
variant. Nevertheless, the two methods perform quite similarly. Concerningl 7@, the
two approaches perform again similarly. However, despite being a bit faster on average,
the linear search version times out in 33 cases more than its binary search counterpart.
Regardingl 4, the results look quite di erent than those described before|the linear search
variant performs clearly superior, exhibiting 410 fewer timeouts than the binary search
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| | Binary search | Linear search |
#solved CRT (s) | #solved CRT (s)

I ¢ 1800 793 1800 1670

| & 1618 97589 1585 43506

Iy 658 67065 1068 77712

Table 6: Comparison between binary search and linear search in the SAT approach. Dis-
played are the number of solved instances and the cumulative runtime (CRT) per measure
on the SRS data set (1800 knowledge bases). Timeout: 10 minutes.

version. Thus, although binary search is in theory a more e cient search strategy than
linear search, it is not necessarily the superior option in practice.

5.3.4 MaxSAT Approaches

Another aspect we aim to investigate regarding SAT is the use of &MaxSAT solver. The
maximum satis ability problem (MaxSAT) is the problem of nding an assignment of truth
values that satis es a maximum number of clauses (for an overview on this topic, see, e.qg.,
(Bacchus, Jarvisalo, & Martins, 2021; Li & Manya, 2021)). Hence, our proposed technique
of using iterative SAT checks is essentially a naive method of solving a MaxSAT problem. In
the following, we use the contension measure as an example to show how our SAT encodings
can be modi ed to become MaxSAT encodings.

A (partial) MaxSAT encoding consists of hard clausesand soft clauses While the hard
clauses must be satis ed, the soft clauses do not. Nevertheless, the goal is to satisfy as many
soft clauses as possible. Recall the SAT encoding for. being determined by (SC1){(SC17)
in Section 3.3. The signature, de ned by (SC1){(SC2), remains the same in the MaxSAT
case, and we use the constraints de ned via (SC3){(SC16) as hard clauses. Only (SC17),
the at-most-u constraint, is not required anymore. Instead, we de ne a soft clause Xy, for
eachX 2 At(K). The intuition behind this is that as many atoms as possible are supposed
to be not set to b. Note that the SAT-based approaches for the other inconsistency measures
can be adapted to MaxSAT in a similar fashion.

We perform an experiment to compare the MaxSAT approach with the previously dis-
cussed approaches fot .. To achieve this, we use the SRS data set, and as a MaxSAT
solver, we useEvalMaxSAT 23 (Avellaneda, 2020). The runtime results are presented in
Table 7 (see also Figures 10 and 31). We can observe that the MaxSAT approach is indeed
overall faster than the iterative SAT approach. However, it is, in total, still a bit inferior to
the ASP-based method. On the other hand, it should be noted that the runtimes for both
the MaxSAT and the ASP approach are quite short (< 1s for each instance). Altogether,
the results of this experiments show that the use of MaxSAT has potential and is worth
being investigated in future work.

23. https://github.com/FlorentAvellaneda/EvalMaxSAT
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SAT binary search | SAT linear search | MaxSAT |
#solved CRT (s) | #solved CRT (s) | #solved CRT (s)
1800 793 1800 1670 1800 221

Table 7: Comparison between the two variants of the iterative SAT approach forl  and their
MaxSAT counterpart. Displayed are the number of solved instances and the cumulative
runtime (CRT) per measure on the SRS data set (1800 knowledge bases). Timeout: 10
minutes.

5.3.5 Core-Guided Optimization in ASP

Modern ASP systems, such as Clingo, allow for the use of di erent optimization strategies.
Clingo's default option (which is used in all experiments described above) is &ranch-and-
bound approach (Gebser, Kaufmann, & Schaub, 2012). In this approach, we rst search
for an initial solution, i.e., an initial stable model, and (in case a solution exists) obtain
its objective value. The next step consists of a loop in which we try to nd a solution
with a strictly \better" objective valuel|i. e., in the case of minimization, a strictly lower
value, and in the case of maximization, a strictly higher value. This is achieved by adding
constraints which ensure that any new solution must have a lower (resp. higher) objective
value than the solution derived before. If no \better" solution can be found, we know that
the previous solution corresponds to an optimum (Kaminski, Schaub, & Wanko, 2017).

Although the branch-and-bound optimization approach led to promising results in our
previous experiments, Clingo has further optimization techniques to o er, which we have yet
to explore. As an example, we perform an experiment in which we set Clingo's optimization
strategy to \ usc" (Gebser, Kaminski, Kaufmann, Romero, & Schaub, 2015), employs @ore-
guided approach (Andres, Kaufmann, Matheis, & Schaub, 2012). The latter emerged in the
area of MaxSAT solving (Fu & Malik, 2006; Marques-Silva & Manquinho, 2008) and is
based on the following procedure. We rst check if all soft clauses can be satis ed, i.e., we
implicitly introduce a lower bound of O soft clauses that are allowed to be falsi ed. If this
is not the case, we allow for at most one soft clause to be falsi ed (i.e., we increase the
lower bound to 1), and check for satis ability again. This process is repeated until we nd
a satis able solution. In order to guide this process, at each step arunsatis able core (an
unsatis able set of clauses) is extracted and only soft clauses from that a core are allowed
to be falsied (Fu & Malik, 2006). This approach has been transferred to ASP (Andres
et al., 2012), with the literals of ASP optimization statements being interpreted as the soft
clauses of a MaxSAT problem.

Since, in the case of minimization, core-guided optimization is useful when the target
values are close to 0, we selected inconsistency measures and data sets for which this applies
(see the histograms in Appendix B.2). To be precise, we performed an experiment with the
ASP approach forl , on the ML data set; here, the inconsistency values tend to be very low
(either O or 1; see Figure 13), while the search space (i. e., the number of formulas) is still
quite large (the mean number of formulas is 7506; see Table 4). In addition, we considered
the ARG data set in combination with | , and | ['®, as the inconsistency values are likewise
always 0 or 1.
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| | ASP core-guided | ASP |
#solved CRT (s) | #solved CRT (s)

ML I h 1220 51441 1163 58203

ARG | |y 221 11146 218 12975

ARG | | "™ 176 7266 145 8408

Table 8: Comparison between a core-guided optimization strategy for the ASP approach and
the default optimization strategy (branch-and-bound). Displayed are the number of solved

instances and the cumulative runtime (CRT) for | , on the ML data set (1920 knowledge

bases), as well ad , and | 7' on the ARG data set (326 knowledge bases). Timeout:
10 minutes.

The results in Table 8 show that the core-guided optimization strategy can indeed
lead to improved runtimes (see also Figure 9 in Appendix B.1 for the cactus plots and
Figure 32 in Appendix B.3 for the corresponding scatter plots). The core-guided variant
solves more instances while also maintaining a lower cumulative runtime in all three cases.
More speci cally, the core-guided approach solves between:36 % (ARG/1 ) and 17:61 %
(ARG/ | {*®) more instances.

5.3.6 Previous ASP Approaches

There already exist two ASP-based approaches fdr¢, and one forl ¢, and | ,, respectively, in
the literature. To be precise, in (Kuhlmann & Thimm, 2020), the authors propose a method
similar to our overall SAT approach, which uses ASP encodings for the problenupper | .
in order to nd value | via binary search. A revised version of this approach, which
calculatesvalue |, directly within ASP by means of a minimize statement, is introduced in
(Kuhlmann & Thimm, 2021). Note that in the latter version, only propositional language
concepts are used, which leads to a program that is already ground. The authors also
propose ASP encodings fot ¢ and | , in the same manner. In contrast, the ASP approach
presented in (Kuhlmann et al., 2022) (which is also used in the work at hand) makes use of
rst-order predicates and variables, which enables an automated, and internally optimized,
grounding procedure. In order to determine whether this actually has a positive e ect on
the runtime, we compare the di erent versions with each other using the contension measure
as an example. Note that we apply exactly those implementations which were used in the
two corresponding papers (Kuhimann & Thimm, 2020, 2021).

The results of this experiment, presented in Table 9 (see Figure 11 for an additional
visualization), con rm that the newest version of the ASP-based method in fact outperforms
its predecessors. The rst ASP approach (Kuhlmann & Thimm, 2020), which is based on a
binary search procedure, clearly performs the poorest, and hits the timeout of 10 minutes in
precisely 600 cases. The second version of the approach (Kuhlmann & Thimm, 2021) solves
all 1800 instances within the time limit, nevertheless it performs on average roughly 10
times slower than the current version (0266 vs. 0027 seconds). Although the new version
might have an advantage by being implemented in C++, both rely on the same ASP solver
(Clingo 5.5.1). In fact, the solving time itself is around 3 times shorter wrt. the new ASP
version compared to the previous one (M09 vs. 0028 seconds on average).
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ASP binary search | ASP minimize v1 | ASP |
#solved CRT (s) | #solved CRT (s) | #solved CRT (s)
1200 59618 1800 479 1800 48

Table 9: Runtime comparison of the di erent versions of the ASP approach forl ¢ on the
SRS data set. \ASP binary search" refers to the version from (Kuhlmann & Thimm, 2020),
\ASP minimize v1" to the version from (Kuhlmann & Thimm, 2021), and \ASP" to the
current one. Displayed are the number of solved instances and the cumulative runtime
(CRT). Timeout: 10 minutes.

5.4 Discussion

In the experiments presented above, we investigated three approaches for the calculation
of six di erent inconsistency measures on ve di erent data sets. Overall, we focused our
analysis on the comparison of runtimes; however, we took additional aspects into account,
such as the distribution of measured inconsistency values with regard to the di erent mea-
sures and data sets. As a rst step, we compared the runtimes of all three approaches per
inconsistency measure and data set. Our results con rmed that both the SAT-based and
the ASP-based approaches perform, as expected, superior to the naive baseline algorithms.
Moreover, the results showed that altogether, the ASP methods are faster than the SAT
variants. Only in very isolated cases can the SAT-based or naive approaches retrieve incon-
sistency values faster than the ASP-based ones or result in fewer timeouts. Furthermore,
the ASP-based methods are not only faster than the other two approaches on average, but
also wrt. the vast majority of individual instances.

Two factors that presumably play a role in the performance di erences between the
SAT approaches and the ASP approaches are the following. First, in each SAT-based
approach, we need to generate a new at-mos¢-constraint in each iteration (note that this
has been addressed in Section 5.3.2 as well). Second, the SAT solver does not reuse learned
clauses from previous calls, i.e., each instance has to be constructed from scratch. The
ASP encodings, on the other hand, only have to be constructed and solved once for each
knowledge base.

We could further observe that the naive baseline methods for the contension and the
forgetting-based measure outperformed the ASP-based and SAT-based approaches in some
cases. The most likely reason for this is the fact that the particular instances for which this
e ect was observed had a very low inconsistency value|in fact, most of these instances were
consistent. The baseline methods for both the contension measure and the forgetting-based
measure include a satis ability check (via a SAT solver) as a rst step. Hence, consistent
knowledge bases can be identi ed rather quickly. Very small inconsistency values might
also be retrieved rather fast by the two naive methods, as they both search for the correct
value in a linear manner, starting from the lowest possible value. Another factor that can
further decrease the runtime of the two methods is if the given knowledge base is already in
CNF, so that no additional transformation steps are required in order to guarantee a valid
input for the SAT solver.

A general observation from the evaluation results is that none of the three approaches for
either one of the considered inconsistency measures could solve all instances from all data

614



Comparison of SAT-Based and ASP-Based Algorithms for Inconsistency Measurement

sets. Hence, even the ASP approaches, which altogether performed superior, clearly reached
their limits. In the following, we aim to identify factors that make the computation of
inconsistency values for a given knowledge base \di cult" (either for individual approaches

or in general).

" A rather obvious factor is the size of the given knowledge base in terms of the number
of formulas, number of atoms in the signature, and number of connectives per formula
(see Table 4 for an overview regarding the data sets used in our experiments). A larger
knowledge base consequently leads to larger encodings, as well as a larger range of
possible inconsistency values, which in turn leads to a more di cult problem that the
SAT or ASP solver has to solve, as well as to more search steps wrt. the SAT-based
approaches. The SAT/ASP solver having to deal with a more di cult problem is
directly connected to an increase in runtime, as the results in Section 5.3.2 indicated
that the solving process overall makes up the largest fraction of the runtimes of both
the SAT-based and ASP-based methods.

Although all six measures considered in this paper lie on the same level of the poly-
nomial hierarchy (Thimm, 2016a), the ranges of their possible values vary greatly.
A larger search space particularly in uences the SAT-based approaches. This is re-
ected, e.g., in the fact that for the sum-distance measure, fewer instances could be
solved by the SAT-based approach than for any of the other measures.

The range of the resulting inconsistency values may also be a relevant factor to take
into account. If the inconsistency values are close to 0, a SAT check as a prepro-
cessing step could prove usefullwe observed this e ect with the naive approaches for
the contension measure and the forgetting-based measure, in particular if the given
knowledge base is already in CNF. Moreover, the range of the inconsistency values
is also relevant for the choice of search strategy regarding the SAT-based approaches
(see Section 5.3.3).

Although the previously discussed points hint at which measures might be more suitable
in practice in terms of runtime, the choice of an appropriate inconsistency measure for a
speci ¢ practical application still depends on other factors as well. For instance, in some
scenarios it could be useful to look for con icting formulas (which could be done by using
the hitting set measure or the hit-distance measure), while in other scenarios it could be of
greater interest to look for the atoms involved in a con ict (which could be done by using
the contension or forgetting-based measure). Moreover, the granularity of the measured
inconsistency could be of interest (e. g., the forgetting-based measure has a ner granularity
than the contension measure). Yet another aspect that should be taken into consideration
when dealing with a practical application is the usefulness of the inconsistency measure for
resolving the con icts in the given knowledge base.

6. Conclusion

In the course of this work, we proposed a SAT-based and an ASP-based approach for each of
six di erent inconsistency measures (i. e., the contension, the forgetting-based, the hitting
set, the max-distance, the sum-distance, and the hit-distance inconsistency measure). With
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the SAT-based approaches, we encode the problem of whether a given value is an upper
bound of the inconsistency degree, and retrieve the actual inconsistency value by means
of iterative SAT solver calls in a (binary) search procedure. In ASP, we can encode the
problem of nding an inconsistency value directly by utilizing optimization statements.

In an extensive experimental evaluation we compared the ASP-based to the SAT-based
approaches, focusing on runtime. To achieve this, we used a total of ve di erent data sets,
two of which were used in preceding works (Kuhlmann & Thimm, 2021; Kuhlmann et al.,
2022), while the remaining three are novel. All data sets are publicly available for use in
future work. The results of our experiments rst of all demonstrated that both the SAT-
based and the ASP-based methods overall clearly outperform the naive implementations we
used as a baseline|which, to the best of our knowledge, are the only previously existing
implementations for the inconsistency measures considered. Moreover, the ASP approaches
performed superior to the SAT approaches (with only very few exceptions).

Nonetheless, the results also showed that even the ASP methods are by far not able to
solve all instances from all data sets wrt. all considered inconsistency measures. Some data
sets turned out to be generally challenging; an example of this is the SC data set, which
contains benchmark data from the SAT competition 2020. A reason for this lies in the sheer
size of the individual knowledge bases, i. e., the number of formulas contained in a knowledge
base, its signature size, and the number of connectives per formula. A large knowledge base
requires a large SAT/ASP encoding (in terms of variables and clauses/rules), which in turn
leads to an increased solving time and therefore an increased runtime|our results also
showed that the solving process altogether makes up the largest fraction of the runtime
composition of both the SAT and the ASP approaches.

In order to use approaches to inconsistency measurement in a practical application in
a sensible fashion, an analysis of the given data is vital. Information about signature sizes
or numbers of formulas per knowledge base can be an indicator for which inconsistency
measure will likely be a reasonable choice in terms of runtime. Moreover, if there is any
information available about what degrees of inconsistency can roughly be expected, an
adjusted search strategy can be used. Such information can further be used to develop
preprocessing techniques. For instance, if there is a certain probability that the knowledge
bases at hand might be consistent, an initial satis ability check by means of a SAT solver
(as we saw with the naive implementations of the contension and the forgetting-based
measure) could prove useful. Certainly there are many other options regarding the topic of
preprocessing; however, this is subject to future work.

Another issue to contemplate in terms of future work is a more in-depth examination
of MaxSAT approaches. We have already observed in our experiments that a MaxSAT
approach for the contension inconsistency measure performs superior to its iterative SAT
counterpart. Moreover, there are numerous problem solving paradigms that have not been
explored yet in the eld of inconsistency measurement. Examples includdnteger Linear
Programming, Quanti ed Boolean Formulas, and Counterexample-Guided Abstraction Re-
nement approaches. The choice of problem solving paradigm depends on the complexity of
the measure at hand|which is related to yet another possible topic of future work: the in-
vestigation of algorithms for inconistency measures beyond the rst level of the polynomial
hierarchy. Furthermore, we merely covered inconsistency measures designed for proposi-
tional knowledge bases. The development of approaches for computing inconsistencies in
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other domains, such as di erent logics, data bases, or business process models, constitutes
another open problem. In addition, our evaluation showed that all approaches introduced

in this work hit their limit at some point during the experiments. To counteract this e ect,

i.e., to develop more scalable approaches, we already mentioned the possibility of apply-
ing preprocessing methods. A dierent strategy to improve scalability could be to apply
approximation techniques.
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Appendix A. Proofs
This appendix contains the correctness proofs for the SAT-based approaches introduced in
Section 3, and the ASP-based approaches introduced in Section 4.

A.1l SAT-based Algorithms

Each of the following sections comprises a correctness proof corresponding to the SAT
encoding for one of the six inconsistency measures considered in this work.

A.1.1 The Contension Inconsistency Measure

Signature
For every atom X 2 At(K):
Create atoms X, X¢, Xp (SC1)
For every formula 2 sul(K):
Create atomsv! , V', vP (SC2)
Constraints
For every atom X 2 At(K):
(Xt _ Xg _Xp) M (Xt X)) M (Xt Xp) M (0 Xp_t Xy) (SC3)
For every conjunction = 1" (2 appearing in some formula:
VS v AV (SC4)
vios vV (SC5)
(G VAN A Ko vfm": vfc;2 (SC6)
For every disjunction 4= 41 _ 4.2 appearing in some formula:
VS ViV, (SC7)
Vs vV (SC8)
Vs vfd;l_:vfdiz)": Vi v (SC9)
For each negation , =: , appearing in some formula:
vios v (SC10)
i SV (SC11)
(G T (SC12)
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For every formula 5 which consists of a single atomX :
vio$ X (SC13)
vVio$ Xy (SC14)
Vo $ X, (SC15)
For every formula A 2 K :
vh v (SC16)
Let Atﬁ = fX,j X 2 At(K)g. Cardinality constraint:
at_most(u; Atf) (SC17)

Encoding 1: Overview of the SAT encodingS¢(K; u) of the contension inconsistency measure
|l .. K is a given knowledge base andit(K) its signature. u is a candidate for an upper

limit of | ¢(K). Let subK) be the set of subformulas ofK as de ned in Section 3.1. The

signature size of the encoding igAt(K)j 3+ jsub(K)j 3.

Theorem 1. For a given valueu, the encodingSc(K; u) is satis able if and only if | ¢(K)
u.

Proof. Assume S¢(K;u) is satis able and let ! be a model of S¢(K;u). De ne the three-
valued interpretation ! 3 via

8

<t ifI(Xy)=t

13(X)=  f if!1(Xs)=t

b if! (Xp)=t
Due to (SC3) (see Encoding 1) itis clear that! 2 is well-de ned. We now show, via structural

induction, that ! 3()= i ! (v )=tforall 2 sul(K):
" 2= X for X 2 At: this follows already from the de nition of !  above and (SC13){

(SC15).

" = : : by induction hypothesis, !3()= i !(v )= t. This implies that exactly

f

one of vt , v\, vP is true. Due to (SC10){(SC12), it follows that exactly one of
f

viowv o, V:b is true. Observe that (SC10){(SC12) models exactly the semantics of
negation in three-valued logic. It follows! 3(: ) = (v )=t

" = 17 2 by induction hypothesis, ! 3( 1) = i ! (v )= tand!3 )=
i I(v,) = t. This implies that exactly one of vt b Vi iy vb1 and exactly one of
vt vb2 is true. Due to (SC4){(SC®6), it follows that exactly one of vt o

2’ 2’ 2’
Vi T vblA , is true. Observe that (SC4){(SC6) models exactly the semantics of
conjunction in three-valued logic: (SC4) models the case that both ; and , are
true (then 1~ 5 is alsotrue), (SC5) models the case that one of 1 and  is false
(then 17~ , is alsofalse), and (SC6) covers all remaining cases (then 1 5 is

both).

= 1_ 2 byinduction hypothesis, 1 3( 1)= i I(v )=tand!3( 2)= i
I (v ,) = t. This implies that exactly one of v' , Vf ¥ vt‘1 and exactly one ofv' ,
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Vi . vb2 is true. Due to (SC7){(SC9), it follows that exactly one of vt R
vP . , istrue. Observe that (SC7){(SC9) models exactly the semantics of disjun_ction
in three-valued logic: (SC7) models the case that at least one of ; and » is true
(then 1, is alsotrue), (SC8) models the case that both ; and , are false
(then 1 _ . is alsofalse), and (SC9) covers all remaining cases (then ;1 _ > is

both).

f

So it follows that ! 3() = i !(v)=tforal 2 sulK). Note that this includes
all 2 K as well. Due to (SC16), for all 2 K we have! 3() 2 ft;bg and therefore
1 32 Mod3(K). Due to (SC17), we also havgCon ictbasg(! ®)j u and it follows | ¢((K) u.

For the other direction, assumel ((K) u. Then there exists a three-valued interpre-
tation ! 3 with ! 3 2 Mod®(K) and jConictbase! 3)j u. Dene ! on the signature of
Sc(K;u) via

e | A
= | s
|0
e |
e s,
AR

for all X 2 At(K) and 2 sub(K). Using the same argumentation as above, it can be
shown that ! satis es S¢(K; u). O

A.1.2 The Forgetting-Based Inconsistency Measure

Signature
We make use of the original signatureAt(K).
For every occurrenceX ' 2 OcqK):

Create atomsty; , fx; (SF1)
Constraints
For every formula A 2 K, replace every atom occurrenceX ' with:

(txa _ X) " fxy (SF2)

Let Atrorger be the set of all atoms de ned by (SF3).
For each pair tx; ;fx; 2 Atforget :

Dtxa i fx (SF4)
Cardinality constraint:
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\ at_-most(u; Atrorget ) (SF4) ‘

Encoding 2: Overview of the SAT encodingSt(K; u) of the forgetting-based inconsistency
measurel ¢. K is a knowledge base andit(K) its signature. u is a candidate for an upper
limit for 1¢(K). Let OcqK) be the set of all atom occurrences inK as de ned in Section
3.1. The signature size of the encoding igAt(K)j +2 jOcqK)j.

Let K be an arbitrary knowledge base andS¢(K;u) the corresponding SAT encoding
de ned via (SF1){(SF4). Assume that S;(K;u) is satis able, and let ! be a model of
Si(K;u). We de ne

Tskoy (M) =Fftxy j! (txg) = tg
Fsikan (M) =Ffx J1 (fxy) = tg

Due to (SF3) (i.e., : tx; _: fx:), Tskuy(! )\ Fskiuy(t ) = 5 for every model! of S¢(K; u).

Proof. To begin with, each X' represents exactly thel-th occurrence of an atomX . More-
over, eachX ' gets a distinct pair of atomsty, andfyx; (SF1). Thus, tx,; andfx, represent
exactly the |-th occurrence ofX .

Following (SF2), each atom occurrenceX ' is replaced by the term ¢y, _ X)": fyy. If
I'(txy) = t (and ! (fx;) = f due to (SF3)), the term becomes true, regardless of whether
F'(X)=tor! (X)= f. Hence, this corresponds exactly to replacing thd-th occurrence
of X in the original formula by >. On the other hand, if ! (fx,;) = t (and ! (tx;) = f
due to (SF3)), the term becomes false, regardless of the truth value oK. Consequently,
this corresponds to replacing thel-th occurrence of X in the original formula by ?. If
I'(tx;) = f and! (fx,) = f, the right part of the conjunction is true, and the left part is
true if | (X) = t and false if! (X) = f. Thus, the term evaluates to the truth value of X',
i. e., the truth value of the I-th occurrence ofX in the original formula. O

Theorem 2. For a given valueu, the encodingSt(K; u) is satis able if and only if | ¢(K)
u.

Proof. From Lemma 1 we know that Tg, (k.,y(! ) and Fs;(k;u)(! ) contain exactly those ty;
and fx, which correspond to those occurrences oK that are being forgotten (i.e., re-
placed by >, and ?, respectively). Moreover, the cardinality constraint (SF4) ensures that
ITs,kuy (M) [ Fsik;uy(t )i u. Thus, if more than u atom occurrences must be forgotten in
order for K to be satis able, then S¢(K;u) is unsatis able. Otherwise, i.e., if a minimum
of u atom occurrences must be forgottenS;(K; u) is satis able. O
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A.1.3 The Hitting-Set Inconsistency Measure

Signature
For every atom X 2 At(K):
Create variablesX; with i 2f 1;:::;ug (SH1)

Create variablespai with i 2f1;:::;ug (SH2)

where each instance of atonX is replaced by X, and add:

Pa:i [ Ai (SH3)
For eve(X/ formula A 2 K:
1 i uPa (SH4)

Encoding 3: Overview of the SAT encodingSy (K; u) of the hitting set inconsistency measure
I h. K is a knowledge base and\t(K) its signature. u is a candidate for an upper limit for
I h(K). The signature size of the encoding i1 jAt(K)j+ u jKj.

Let K be an arbitrary knowledge base andS,(K;u) the corresponding SAT encoding
de ned via (SH1){(SH4).

Lemma 2. If K contains at least one contradictory formula, Sy(K; u) is unsatis able for

order to satisfy the constraints de ned by (SH3) (i.e., pa> ; ! A?), eachpp- i would need
to evaluate to false. However, due to (SH4), at least on@,- ; must be true. Thus, Sp(K; u)
is unsatis able, regardless of the value ofu. O

Assume that K does not contain any contradictory formulas and that S¢(K; u) is satis-
able, and let | be a model ofS¢(K;u). We de ne

l's, k() = fiajO! (pai,) = tg

Lemma 3. |g, (k.u)(!) corresponds to a hitting set ofK.

Proof. For each formulaA 2 K we have at least onepa;i, that evaluates to true, because of
(SH4). Consequently, wrt. that pa.i,, Ai, must be true as well (SH3). Hence, at least one
copy Aj, of eachA 2 K is satis ed.

copy of At(K). Moreover, eachia 2 I g, (k.y) COrresponds to an \active" interpretation, i. e.,
one that is actually used to satisfy one or more formulas. Thus] g, k.,)(! ) corresponds to
a hitting set of K. O
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Theorem 3. For a given valueu, the encodingS,(K; u) is satis able if and only if | (K)
u 1 Sp(K;u) is unsatis able for all u=1;:::;jKj if and only if 1 h(K)= 1.

contradictory formula, i.e., if 1 ,(K)= 1. Lemma 3 shows that, ifK does not contain any
contradictory formula, Is, k.uy(!) = fiaj9! (pai.) = tg corresponds to a hitting set ofK.
Since the maximum cardinality of I'g, .y (! ) is restricted by u, Sy(K;u) is unsatis able if
more than u copies of each formula are required, i. e., if more tham di erent interpretations
are required to satisfy each formula inK. Otherwise, S, (K;u) is satis able.

Thus, if a hitting set of size  u exists, Sp(K;u) is satis able. Otherwise, i.e., if no
hitting set of size  u exists, Sy(K; u) is unsatis able. Since we have to subtract 1 from the
cardinality of the hitting set in order to get | ,(K), it follows that if 1,(K) u 1, then
Sh(K;u) is satis able, and if | ,(K) >u 1, then Sy(K;u) is unsatis able. O

A.1.4 The Max-Distance Inconsistency Measure

Signature
For every atom X 2 At(K):
Create variable X o (SDM1)

Create variables X (SDM2)
Create variablesinvy; (SDM3)
Constraints

Create A;, which is a copy of A where each instance of atonX is (SDM4)
replaced by X;

Xil Xo_ invy; (SDM5)
CXi b Xo_ invkg (SDM6)
Let INV; be the set containing allinvy; for a xed i.
For everyi 2f1;:::;jKjg:
at_most(u; INV;) (SDM7)

Encoding 4: Overview of the SAT encodingSy®(K;u) of the max-distance inconsistency
measurel 7'#. K is a knowledge base and\t(K) its signature. u is a candidate for an upper
limit for 1 1'*(K). The signature size of the encoding igAt(K)j +2 jKj j At(K)j.

Let K be an arbitrary knowledge base andS{'®(K; u) the corresponding SAT encoding
de ned via (SDM1){(SDM7).

Lemma 4. If K contains at least one contradictory formula, ST (K; u) is unsatis able for

Proof. Let someA” 2 K be contradictory. Following (SDM4), we add indexed copies of all
formulas A 2 K to S (K; u). Thus, we also have an indexed copyA? of A?. Since adding
an index i to each atom in A does not resolve the con ict within the formula, A? is still
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contradictory. Therefore, ST (K; u) contains an unsatis able formula and is consequently
itself unsatis able, regardless of the value ofu. O

Assume that K does not contain any contradictory formulas and that S{"®*(K;u) is
Xi (SDM2) and variables invx;; (SDM3) for each X 2 At(K). We de ne
Imax(!; 1) = finv; j! (invx;i) = tg

Recall that we represent an \optimal" interpretation by introducing a variable X, for
each X 2 At(K) (SDM1). The truth values assigned to eachX, then correspond to the
\optimal" interpretation.

Lemma 5. If ! (X;) 6 ! (Xo) theninvx; 2 Imax(!;i ).

Proof. X; must be either true or false. If! (X;) = t, then the left part of the implication
Xi ! Xo_ invki (SDM5) is true. Thus, in order to satisfy the implication, the right
part must be true as well. If X, is false, i.e.,! (X;) 6 ! (Xo), then invx,; must be true.

Consequently, invx;i 2 Imax(!;i ). Moreover, the implication : X; !': X, _ invx;i, de ned
via (SDM6), evaluates to true as well, because the left part ( X;) is false.
If 1 (Xi) = f, the left part of the implication de ned by (SDM6), i.e., : X;j!: Xqo_

invx: , is true. Thus, to satisfy this implication, : X, _ invx; must evaluate to true. If
' (Xo) = t, meaning if ! (X;) 8 ! (X,), then : X, is false, andinvx; must be true. Hence,
invxi 2 Imax(';1 ). In addition, the implication X; ! X, _ invx;, de ned by (SDM5), is
also satis ed, because the left part &) is false. O

Theorem 4. For a given value u, the encoding S7®*(K;u) is satis able if and only if
I §*(K) u. S{™(K;u) is unsatis able for all u 2 f0;:::;jAt(K)jg if and only if
| Max (k)= 1.

contains a contradictory formula, i.e., if | "*(K)= 1 .

Let us now assume thatK does not contain any contradictory formulas, i.e.,| J'®(K) 6
1 . From Lemma 5 we know that for eachi 2 jKj , if ! (X;) 6 ! (X,), then the corresponding
invy; must be included inl max(!;i ) (i.e., ! (invx;; ) = t). This means that if a formula A 2 K
with index i requires an interpretation that di ers from the \optimal" interpretation, then
for each X 2 At(A;i) with ! (X;) 6 ! (Xo), invxi 2 Imax(!;i ). Further, (SDM7) restricts
jlmax(!;1)j to u (for eachi). If | " (K) u, there exists a solution for whichjl max(!;i )j U

Hence, the constraints de ned by (SDM7) are satis ed, and S{"®*(K; u) is satis able. If

I ' (K) > u, then for at least onei we havejlmax(!;i )j > u. Consequently, at least one
constraint de ned by (SDM7) cannot be satis ed, which makes S'®(K;; u) unsatis able. [
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A.1.5 The Sum-Distance Inconsistency Measure

Signature
For every atom X 2 At(K):
Create variable X o (SDS1)
For every atom X 2 At(K) andi 2f 1;:::;jKjg:
Create variablesX; (SDS2)
Create variablesinvy; (SDS3)
Constraints
For every formula A 2K andi 2f1;:::; iKjg:

.....

Create A;, which is a copy of A where each instance of atonX is (SDSs4)
replaced by X;

For every X; with i 2f1;:::;jKjg:

Xi ! Xo_ ian;i (SDS5)

FXi o Xo_invkg (SDS6)
Let INV be the set containing allinvy.; for all i. Cardinality constraint:

at_most(u; INV) (SDS7)

Encoding 5: Overview of the SAT encodingS; (K;u) of the sum-distance inconsistency
measurel 4. K is a knowledge base and\t(K) its signature. u is a candidate for an upper
limit for I 4 (K). The signature size of the encoding igAt(K)j +2 jKj j At(K)j.

Let K be an arbitrary knowledge base andS; (K;u) the corresponding SAT encoding
de ned via (SDS1){(SDS7).

Lemma 6. If K contains at least one contradictory formula, S; (K;u) is unsatis able for

Proof. Analogous to the proof of Lemma 4. O

Assume that K does not contain any contradictory formulas and that S, (K; u) is satis-
(SDS2) and variablesinvy; (SDS3) for eachX 2 At(K). We de ne
I (V)= finvki j! (invxi) = tg

Recall that we represent an \optimal" interpretation by introducing a variable X, for
each X 2 At(K) (SDS1). The truth values assigned to eachX, then correspond to the
\optimal" interpretation.

Lemma 7. If ! (Xi) 6 ! (Xo) theninvk;i 21 ().

Proof. Analogous to the proof of Lemma 5, since (SDM1){(SDM®6) is equivalent to (SDS1){
(SDS6). O

Theorem 5. For a given valueu, the encodingS, (K; u) is satis able if and only if 1 4 (K)
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contains a contradictory formula, i.e., if I ; (K)= 1 .

Let us now assume thatk does not contain any contradictory formulas, i.e.,| ; (K) 6 1 .
From Lemma 7 we know that for any i 2 jKj, if | (X;) 6 ! (X,), then the corresponding
invy; must be included inl (!') (i.e., ! (invx; ) = t). This means that if a formula A 2 K
with index i requires an interpretation that di ers from the \optimal" interpretation, then
for eachX; 2 At(Ai) with ! (X;) 6 ! (Xo), invx;i 21 (!). Further, (SDS7) restricts jl (! )]
to u. If 1 4(K) u, there exists a solution for whichjl (!)j u. Hence, the constraint
de ned by (SDS7) is satis ed, and S, (K;u) is satis able. If | ,(K) > u, then we have
jl (1)j > u. Consequently, the constraint de ned by (SDS7) cannot be satis ed, which
makes S, (K; u) unsatis able. O

A.1.6 The Hit-Distance Inconsistency Measure

Signature
For every formula A 2 K :

Create variable hitp (SDH1)
For every atom X 2 At(K):

Create variable X (SDH2)
Constraints
For every formula A 2 K :

A _ hita (SDH3)
Let HITx be the set containing all variables added in (SDH1).
Cardinality constraint:

at_most(u; HITk) (SDH4)

Encoding 6: Overview of the SAT encodingSQ”(K;u) of the hit-distance inconsistency
measurel Q" K is a knowledge base and\t(K) its signature. u is a candidate for an upper
limit for | Q” (K). The signature size of the encoding igAt(K)j + jKj.

Let K be an arbitrary knowledge base andS]" (K; u) the corresponding SAT encoding
de ned via (SDH1){(SDH4). Assume that S{*(K;u) is satis able, and let ! be a model of
St (K;u). We de ne

Hpie(! ) = fhita j ! (hita) = to:

Lemma 8. Each hita 2 Hpit(! ) corresponds to a formulaA 2 K being removed fromK.

Proof. Due to (SDHS3), every formula A 2 K is extended by \_ hitp". If ! (hita) = t, the
term A _ hita will always be true, regardless of the truth value of A under ! . Hence, this
is equivalent to the removal of A from K. O

Theorem 6. For a given value u, the encoding SQ“(K;u) is satis able if and only if
| YK) .

Proof. The cardinality constraint (SDH4) restricts the number of atoms hita being allowed
to be true, to u. If the minimal number of formulas A 2 K that need to be removed in
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order to make K consistent is u (i.e., if IQ“(K) u) then  u atoms hity can be set
to true (i.e., jHuit(! )j u). From Lemma 8 we know that those atoms correspond to the
formulas that are removed. Thus, there exists a solution in which exactly those atomgita
are set to true which correspond to the formulasA 2 K that need to be removed to make
K consistent. Consequently, the remaining formulas inK are satis able, and SJ" (K; u) is
satis able. If more than u formulas need to be removed (i. e., if Q"(K) > u), (SDH4) still
restricts the number of hity atoms being set to true tou. Hence, there exists no model for
f~ A2Kj ! (hita) = fg, and SJ*(K;u) is unsatis able. O

A.2 ASP-based Algorithms

The following sections are each comprised of a correctness proof corresponding to the ASP
encoding for one of the six inconsistency measures considered in this work.

A.2.1 The Contension Inconsistency Measure

For every A 2 K:

kbMemberf). (AC1)
For every X 2 At(K):

atom(X). (AC2)
For every conjunction = 1" (2 appearing in some formula:

conjunction( ¢, c1, c2)- (AC3)
For every disjunction 4= 41_ 4.2 appearing in some formula:

disjunction( dv dl, d:2)- (AC4)
For each negation , = :  appearing in some formula:

negation( n, n)- (ACb)
For every formula 5 which consists of a single atomX :

formulalsAtom( 4, X). (ACG6)
As the static part, we de ne:

tv( t; f; b). (ACT)

1f truthValue(A,T) : tv(T) ol:-

atom(A). (ACB8)

truthValue(F, t):-
conjunction(F,G,H),
truthValue(G, t),
truthValue(H, t). (AC9)

truthValue(F, f):-
conjunction(F,G,H),

1f truthValue(G, f), truthValue(H, f)g. (AC10)
truthValue(F, b):-

conjunction(F, _, ),

not truthValue(F, t),

not truthValue(F, f). (AC11)
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truthValue(F, f):-
disjunction(F,G,H),
truthValue(G, f),
truthValue(H, f), (AC12)

truthValue(F, t):-
disjunction(F,G,H),

1f truthValue(G, t), truthValue(H, t)g. (AC13)
truthValue(F, b):-

disjunction(F, _, ),

not truthValue(F, t),

not truthValue(F, f). (AC14)

truthValue(F, t):-

negation(F,G),

truthValue(G, f). (AC15)
truthValue(F, f):-

negation(F,G),

truthValue(G, t). (AC16)
truthValue(F, b):-

negation(F,G),

truthValue(G, b). (AC17)
truthValue(F,T) :-

formulalsAtom(F,G),

truthValue(G,T),

tv(T). (AC18)

truthValue(F, f),
kbMember(F). (AC19)

#minimize f 1,A: truthValue(A, b), atom(A) g. (AC20)

Encoding 7. Overview of the ASP encodingP:(K) of the contension inconsistency measure
| .. K is the given knowledge base.

Consider an arbitrary knowledge baseK as well as the set of rules listed in Encoding
7 in Section 4.2, which make up the extended logic progranP.(K). Let PYK) denote the
extended logic programP¢(K) without the minimize statement (AC20).

Lemma 9. If M is an answer set ofP{K) then the three-valued interpretation! 3 de ned
as

8

2t truthValue (X;t)2 M
>f truthValue (X;f)2 M
" b truthValue (X;b)2 M
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is a model ofK with X 2 At(K).

Proof. ! 3 is well-de ned: As (AC8) states, each answer set oPJK) will hold exactly one
of truthvValue( X,1t), truthvValue( X, f), truthValue( X, b) for each atomX 2 At(K):

If truthvalue( X,T) : tv(T) gl :- atom( X).

Via structural induction, we show that for all (sub)formulas in K, ! ,?,,() = (with
2ft;f;bg) if and only if truthvalue( , )2 M.
Induction Hypothesis (I.H.): ! ,?,,() = if and only if truthValue( , ) 2 M is

true for all subformulas of the considered formula.

1. Let = X for X 2 At(K).

) "
1300= ) 13X)= 2§ tuthvalue( X, )2 M
" Del | 3 — 3 —
truthvalue( X, )2M 2§ 13 (x)= ) 13()=
2. Let = 1N 0.
@ =t
A\) n
3 _ = 13 )=t
IM( lA 2)_ _) II%/I( 2):t
|=,H) truthvalue( 1,t) 2 M
truthvValue( ,,t) 2 M
ggi truthvValue( 17 o, t) 2 M
Y
truthValue D2 M
truthValue( 1~ 2,t) 2 M) truthValueE ;t; o M
) |'1\3/|( 1):t
135 2)=t
) 131N )=t
b)) =hb
) o™
13( 1n )= =F Iy ()=t
Ml (=D

truthValue( 1,t) 2 M
truthValue( ,,b) 2 M

p &
;

Y truthvalue( 1~ 2,0 2 M
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Analogous for the case wheré 3 ( 1) = band! 3 ( 2)=t.
(1)

= '
or =F ( 2)

I__H) truthvValue( 1,b) 2 M
o truthValue(  ,b) 2 M

b
b

Sww

(ACM} truthValue( 1~ 2, b2 M

AT

truthValue( 1,t) 2 M
truthValue( ,,b) 2 M

) I|§/|( 1):t
13(2=0b
) 'm(C 1™ 2)=b

truthValue( 1~ 2,b) 2 M)

Analogous for the case wheré 3 ( 1) = band! 3 ( 2)=t.

truthvValue( 1,b) 2 M
truthValue( »,b 2 M

) Il:\;/l( 1):b
9 2)=0b

I_,H) truthValue( 1,t) 2 M
o truthvValue( ¢,f) 2 M

LY puthvalue( 17 2, f) 2 M

Analogous for the case wheré 3 ( 1) = f and! 3 ( 2)=t.

_= 13 1)=0b
o =) B e
I=.H) truthvalue( 1,b) 2 M
truthvValue( ,,f) 2 M
(AC1

% truthvalue( 17 o,f) 2 M
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Analogous for the case wheré 3 ( 1)=f and! 3 ( 2)= b

A"

or =

truthValue(

! 15 )= f
13( 2)=f
I_.H) truthvalue( 1,f) 2 M
— truthValue( 5,f) 2 M
LAY fruthvalue( 1A 2. f) 2 M
truthvValue( 1,t) 2 M
N
1t 21 2M)ihvalue( . f) 2 M
) ! |§/|( 1) =t
! |v|( 2)=f
) T 1n )= f

Analogous for the case wheré 3 ( 1) = f and! 3 ( 2)=t.

or )

)
)

truthvalue( 1,b) 2 M
truthvValue( ,,f) 2 M
153 1)=b
AP ERI

15 1n 2)=f

Analogous for the case wheré 3 ( 1)=f and! 3 ( 2)= b

1_

) om

truthValue( 1,f) 2 M
truthvalue( ,,f) 2 M
ra()=f
Iy 2)=f
Im( 1n )= f
= P ()=
Iw(C2)=f
I=.H) truthvalue( 1,t) 2 M
truthValue( ,,f) 2 M
LA yuthvalue( 1 2 t) 2 M
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Analogous for the case wheré 3 ( 1) = f and! 3 ( 2) = t.

_={ I3 )=t
= )=b
|:.H) truthvValue( 1,t) 2 M
truthValue( ,,b) 2 M
(AC1

3 truthvalue( 1 2 t) 2 M

Analogous for the case wheré 3 ( 1) = band! 3 ( 2) =t

=\ I3 )=t
or =) reC 2=t
|:.H) truthvValue( 1,t) 2 M
truthValue( ,,t) 2 M
(AC1

3 truthvalue( 1 2 t) 2 M

Y
truthvalue( 1,t) 2 M
truthValue( 2,f) 2 M

o 2)=f

) 'm(C 1 2=t

truthvValue( 1_ 2,t) 2M)

Analogous for the case wheré 3 ( 1) = f and! 3 ( 2) = t.

truthvValue( 1,t) 2 M
truthvValue( ,,b) 2 M

) |'f\3/|( l):t
13(2=0b

) 'S5 1_ 2=t

or)

Analogous for the case wheré 3 ( 1) = band! 3 ( 2)=t.

truthvValue( 1,t) 2 M

or ) truthvValue( ,,t) 2 M
) ! I:\3/| ( 1) =t
s 2=t

) ' 2=t

1
o

(b)
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“yy

13( 1_ 2= =¥ I'%A )

lM( 2)

truthvValue( 1,b) 2 M
truthvValue( 2,f) 2 M

b
f

(A=Cl45 truthvalue( 1_ 2,b 2 M

Analogous for the case wheré 3 m( 1)="f and! 3 m( 2)=h
(1)

- I
or =¥ ta( 2

I_,H) truthvValue( 1,b) 2 M
- truthValue( ,,b) 2 M

b
b

gwgw

_—_43 truthValue( 1_ 220 2M

(e

truthvValue( 1,b) 2 M

truthValue(  1_ 2,0) 2M) truthValue(  »,f) 2 M

Analogous for the case wheré 3 ( 1)=f and! 3 ( 2)= b

truthvValue( 1,b) 2 M

or ) truthValue( ,,b 2 M
) I%/I ( l) =b
153( 2)=b

() =f
D I
_ = 13C )= f
IE/I(J. 2)_ _S m( 2)=f
I_.H) truthValue( 1,f) 2 M
o truthValue( o,f) 2 M
we1

3 truthvalue( 1 2,f) 2 M
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S
truthValue( )2 M
tuthValue( 1 2.1)2M) | uvaied Sf) 2 M
) I|§/|( 1):f
I3 2)=f
) (1 2)=f
4. Let =
@ =t
)
e )= = e )=t
) 'mQ= f
LY fruthvalue( ,f) 2 M
(A=Cl53 truthvValue( : ,t) 2 M
S
truthValue( : ,t) 2 M ) truthvValue( ,f)2M
) 1aO= f
) TRG)=t
(b) =k
~y
FIGERES TGP L
) 'w(O= b
I='H) truthvalue( ,b 2 M
LY futhvalue( : ,b) 2 M
(™
truthvalue( : ,b 2 M ) truthValue( ,b) 2 M
) 'm()= b
) 'm()= b
(c) =f:
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)"
Ge= =) i) = f
) 'aO= t
Lf truthValue( ,t) 2 M
—A—C—lﬁi truthvValue( : ,f) 2 M
Y G
truthvalue( : ,f) 2 M ) truthValue( ,t) 2 M
) 'm(O=t
) taG )= f
It has been shown that! 2 () = if and only if truthValue( , ) 2 M. The integrity

constraint (AC23) ensures that truthValue( A, f) is never true wrt. each formulaA 2 K.
In other words, truthValue( A,f) 62M for all A 2 K. Consequently, ! ,?,,(A) 6 f for
all A2 K. Thus, ! ,\3,|(A) evaluates to eithert or b in all cases. This corresponds to the
de nition of a model in Priest's three-valued logic. Hence,! & 2 ModelgK). O

Lemma 10. If ! 32 ModelgK) then P{K) has an answer seM such that! 3 =1 3.
Proof. Analogous to the proof of Lemma 9 in reverse. O
Theorem 7. Let M, be an optimal answer set oP¢(K). Then j(! 3 ) *(0)j = I ¢(K).

Proof. From Lemma 9 and Lemma 10 it follows that the answer sets oPJ{K) correspond
exactly to the 3-valued models ofK. The minimize statement included in P¢(K) (AC20)
then ensures that only a minimal number of instancedruthValue( X, b) are included in the
answer set. This corresponds to the minimal number of atomsX 2 At(K) being evaluated
to bwhich is exactly the de nition of | ¢(K). Note that, following (AC2), for all X 2 At(K),
atom(X) must be included in any answer set ofP¢(K). O

A.2.2 The Forgetting-Based Inconsistency Measure

For every A 2 K.

kbMemberf). (AF1)
For every formula , which consists of a single atom occurrenc ':

formulalsAtomOcc( , X, I). (AF2)
For every conjunction = 1" (2 appearing in some formula:

conjunction( ¢, 1, c2)- (AF3)
For every disjunction 4= 41 _ 4.2 appearing in some formula:

disjunction( dv dl, d:2)- (AF4)
For each negation , = : , appearing in some formula:

negation( ., n)- (AF5)
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For the static part, we de ne:
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formulalsAtomOcc(F,A,L),
truthValue(A, t),
atomOccForgotten(A,L). (AF19)

truthValue(F, f),
kbMember(F). (AF20)

#minimize f 1,A,L : atomOccForgotten(A,L) g. (AF21)

Encoding 8: Overview of the ASP encodingPs(K) of the forgetting-based inconsistency
measurel . K is the given knowledge base.

Let K be an arbitrary knowledge base andP;:(K) the extended logic program consisting
of rules (AF1){(AF21) included Encoding 8. Let P{K) denote the extended logic program
P:(K) without the minimize statement (AF21).

For an answer setM we de ne:

Fu = fX'j X 2 At(K); atomOccForgotten( X ,1) 2 Mg

Proof. The rules given in (AF10){(AF15) model classical entailment wrt. ~, _, and: . To
be specic, the rules (AF10) and (AF11) model that the conjunction of two subformulas
is only true if both conjuncts are true, and false if it is not true. In the same fashion, a
disjunction is only false if both of its individual disjuncts are false (modeled by (AF12)).
It is true, if it is not false (modeled by (AF13)). Classical negation, i.e.,: is trueif is
false, and vice versa, is represented by (AF14) and (AF15).

Furthermore, rule (AF9) represents that each atom X is evaluated to eithert or f. In
other words, since we represent that each atonX 2 At(K) is assigned a unique truth value,
we automatically represent aninterpretation on At(K).

Each atom occurrenceX with label | (i, e., X') is represented asatomOcc(X;1), due to
(AF2) and (AF7). Further, rule (AF16) models that each X' could be forgotten by guessing
a subset of atom occurrences by means of a cardinality constraint. More precisely, (AF16)
assigns a subset of all atom occurrenceX ' as atomOccForgotten( X;1). Thus, (AF16)
determines Fy . For each atom occurrence in this set, the truth value of the subformula
containing the atom occurrence is reversed by (AF18) and (AF19), respectively. Given an
interpretation ! , this results in setting an atom occurrenceX ' with ! (X) = f to t (AF18),
and vice versa (AF19). If an atom occurrenceX' is not in Fy (i.e., if an atom is not
forgotten), (AF17) is triggered, and X' must conform to ! .

Finally, all formulas in the given knowledge base must be true. This is ensured by
the integrity constraint (AF20) which forbids elements A 2 K to be evaluated tof. This
also implies that eachX' 2 Fy must be assigned the opposite truth value ofX , which
is equivalent to replacing it with > or ?, corresponding on the context. Thus, since all
formulas A 2 K must be true, the version of K modi ed by the forgetting operation, i.e.,

C KXY c2:oxnd 227, must be consistent. O
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Theorem 8. Let M, be an optimal answer set oPs(K). Then jFy, j = I(K).

Proof. From Lemma 11 it follows that the answer sets ofPfO(K) correspond exactly to
(V K)[X U { d2 XM { :?] being consistent with Fyy = fX1;:::;X"g. The min-
imize statement (AF21) included in P¢(K) then ensures that only a minimal number of
instances ofatomOccForgotten( X, ) are included in the optimal answer set. Overall, this
corresponds to the minimal number of atom occurrences irK being forgotten, which is
exactly the de nition of 1¢(K). O

A.2.3 The Hitting Set Inconsistency Measure

For every A 2 K:

kbMemberf). (AH1)
For every X 2 At(K):

atom(X). (AH2)
De ne jKj interpretations:

interpretation(1.. iKj). (AH3)
For every conjunction = 1" (2 appearing in some formula:

conjunction( ¢, 1, c2)- (AH4)
For every disjunction 4= 41 _ 4.2 appearing in some formula:

disjunction( dv dl, d:2)- (AH5)
For each negation , = : , appearing in some formula:

negation( n, n). (AH6)
For every formula 5 which consists of a single atomX :

formulalsAtom( 4, X). (AH7)
At least one, and at most jKj interpretations must be included in the hitting set:

1f interpretationActive(l) : interpretation(l) gjKj. (AH8)
For the static part, we de ne:

tv( t; f). (AH9)

1f truthValuelnt(A,1,T) : tv(T) ol:-

atom(A),
interpretation(l). (AH10)
truthValuelnt(F,I, t) :-

conjunction(F,G,H),

interpretation(l),

truthValuelnt(G,I, t),

truthValuelnt(H,I, t). (AH11)

truthValuelnt(F,I, f) :-
conjunction(F, _, ),
interpretation(l),
not truthValuelnt(F,I, t). (AH12)

truthValuelnt(F,I, f) :-
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disjunction(F,G,H),

interpretation(l),

truthValuelnt(G,I, f),

truthValuelnt(H,I, f). (AH13)

truthValuelnt(F,I, t) :-
disjunction(F, _, ),
interpretation(l),
not truthValuelnt(F,I, f). (AH14)

truthValuelnt(F,I, t):-
negation(F,G),
truthValuelnt(G,I, ). (AH15)

truthValuelnt(F,I, f):-
negation(F,G),
truthValuelnt(G,I, t). (AH16)

truthValuelnt(F,1,T) :-
formulalsAtom(F,G),
truthValuelnt(G,1,T),
interpretation(l),
tv(T). (AH17)

truthValue(F, t):-
truthValuelnt(F,I, t),
kbMember(F),
interpretation(l),
interpretationActive(l). (AH18)

truthValue(F, f):-
kbMember(F),
not truthValue(F, t). (AH19)

interpretationActive(l),
1<,
not interpretationActive(l-1). (AH20)

truthValue(F, f),
kbMember(F). (AH21)

#minimize f 1,1 : interpretationActive(l) g. (AH22)

Encoding 9: Overview of the ASP encodingP,(K) of the hitting set inconsistency measure
I h. K is the given knowledge base.

Let K be an arbitrary knowledge base andP,(K) the extended logic program consisting
of rules (AH1){(AH22) listed in Encoding 9 in Section 4.4.
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Lemma 12. Py(K) does not have an answer set if and only iK contains one or more
contradictory formulas.

Proof. Let some A’ 2 K be contradictory. To begin with, the formulas A 2 K and the
atoms X 2 At(K) are represented in ASP via (AH1) and (AH2). Moreover, the operators
of each (sub-)formula in K is encoded using (AH4){(AH7). Thus, P,?(K) contains an ASP
representation ofK itself. Additionally, (AH3) adds jKj interpretation constants to Pr?(K).
By means of (AH10), we assign a distinct truth value (de ned by (AH9)) to each atom/1
for each interpretation/1 . (AH11){(AH16) model classical entailment (analogous to
(AF11){(AF16), but with an additional reference to an interpretation). Besides, (AH17)
models that a formula consisting of an individual atom gets the same truth value as the
atom. Since every atom representation in ASP is connected to a truth value, and the
evaluation of the (sub-)formulas is accomplished via (AH11){(AH17), every formulaA 2 K
(represented by kbMember/) evaluates to eithert or f. Since we cannot construct an
interpretation which satises A?, it would always evaluate to f. However, the integrity
constraint (AH21) forbids this, therefore, no answer set can be constructed. O

Let Pr?(K) denote the extended logic programP;(K) without the minimize statement

the ASP constants representing interpretations, and let! ; denote the corresponding in-
terpretations in classical logic. We de ne the set of interpretations ! ; represented inM
as

( M) = f!;jinterpretationActive( 18 2 Mg:

Lemma 13. If M is an answer set ofP(K) then ( M) is a hitting set of K.

Proof. ( M) is a hitting set if and only if every formula A 2 K is satis ed by at least one
172 ( M). We will rst show thatforany !;2 (M)and A2K,!; F A if and only if
interpretationActive( 18Py 2 M.

The cardinality constraint (AH8) ensures that the answer set includes at least one in-
stance ofinterpretationActive( I 8P) . According to (AH8), interpretation(  !i) must
be included in M as well, however, this is always the case due to (AH3). Moreover,
interpretationActive( ! **P) must be included in M in order for (AH19) to be sat-
ised. Further, for each A 2 K there must be at least one interpretation such that
truthvalue( A,t) 2 M, because otherwise truthValue( A,f) 2 M (due to (AH19)),
and this is forbidden by the integrity constraint (AH21).

As mentioned before, rules (AH11){(AH17) represent entailment in classical proposi-
tional logic wrt. a given interpretation. Finally, an atom X 2 K can only be either true or
false, but not both, under a given interpretation, as stated in (AH14).

Consequently, for each formulaA 2 K there exists at least one interpretation!; such
that truthValuelnt( A,! 2P t) 2 M. It follows that for each A 2 K, there is also at least
one interpretationActive( | Py 2 M. Hence, for each formulaA 2 K there exists an
172 ( M)suchthat!; g A. Thus, ( M) is a hitting set of K. O

Theorem 9. Let M, be an optimal answer set ofP,(K). Then j( My)] 1= 1xr(K). If
no answer set ofP,(K) exists, I h(K)= 1.
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Proof. Lemma 12 shows thatPy,(K) does not have an answer set iK contains at least one
contradictory formula, i.e., if 1 (K)= 1.

Further, in the above proof of Lemma 13 we showed that (M) is a hitting set of
K wrt. some answer setM . The cardinality of ( M) is exactly the number of instances
interpretationActive( 1 8Py, with i 2 f 1;:::;jKjg, that are included in M. The mini-
mize statement (AH22) selects the minimal number of such instances. This represents the
selection of the smallest possible hitting set wrt.K. At last, subtracting 1 from j ( My)j
corresponds exactly to the de nition of | ,(K). O

A.2.4 The Max-Distance Inconsistency Measure

kbMemberA, i). (ADM1)
For every X 2 At(K):

atom(X). (ADM2)
De ne jKj + 1 interpretations:

interpretation(O.. iKj). (ADM3)
For every conjunction = 1" (2 appearing in some formula:

conjunction( ¢, 1, c2)- (ADM4)
For every disjunction 4= g41_ 4.2 appearing in some formula:

disjunction( dv dl, d:2)- (ADM5)
For each negation , =: , appearing in some formula:

negation( n, n). (ADMS6)
For every formula 5 which consists of a single atomX :

formulalsAtom( 4, X). (ADM7)
Distance between interpretation jKj and the models of each formula:

d(X) :-

diff(Xx),

interpretation(l),
X <= #countf A: atom(A),
truthValuelnt(A,I,T),

not truthValuelnt(A, jKj,T) g. (ADMS)
For the static part, we de ne:
tv( t; ). (ADM9)
1f truthValuelnt(A,I,T) : tv(T) ol:-
atom(A),
interpretation(l). (ADM10)
truthValuelnt(F,I, t) :-

conjunction(F,G,H),
interpretation(l),

truthValuelnt(G,I, t),
truthValuelnt(H,I, t). (ADM11)
truthValuelnt(F, I, f) :-
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conjunction(F, _, ),
interpretation(l),
not truthValuelnt(F,I, t). (ADM12)

truthValuelnt(F,I, f) :-
disjunction(F,G,H),
interpretation(l),
truthValuelnt(G,I, f),
truthValuelnt(H,l, f). (ADM13)

truthValuelnt(F,I, t) :-
disjunction(F, _, ),
interpretation(l),
not truthValuelnt(F,|, f). (ADM14)

truthValuelnt(F,|, t):-
negation(F,G),
truthValuelnt(G,I, f). (ADM15)

truthValuelnt(F, I, f):-

negation(F,G),

truthValuelnt(G,I, t). (ADM16)
truthValuelnt(F,I,T) :-

formulalsAtom(F,G),

truthValuelnt(G,1,T),

interpretation(l),

tv(T). (ADM17)

truthValuelnt(F,I, f),

kbMember(F,1). (ADM18)
diff(1..x) :-

X = #countf A: atom(A) g. (ADM19)
#minimize f 1,X : d(X) g. (ADM20)

Encoding 10: Overview of the ASP encodingP " (K) of the max-distance inconsistency
measurel {'®*. K is the given knowledge base.

Let K be an arbitrary knowledge base andP"®*(K) the extended logic program con-
sisting of rules (ADM1){(ADM22) listed in Encoding 10 in Section 4.5.

Lemma 14. PJ"®(K) does not have an answer set if and only iK contains one or more
contradictory formulas.

Proof. The knowledge base, i.e., its formulas, subformulas, and atoms are modelled by

(ADM1){(ADM2) and (ADM4){(ADM7). Note that each A 2 K gets a labeli, and is
represented akbMemberf;i) (ADM1). The two truth values are represented by (ADM9).
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Moreover, via (ADM3) we represent jKj + 1 interpretations in P["®(K). We denote these
interpretations as follows (note that we represent! ; simply asi in ASP):

t truthValue( X;i;t) 2 M

Fi(X) =
f truthValue( X;i;f ) 2 M

Analogously to (AH10) (wrt. | ), (ADM10) guesses alljKj +1 interpretations by assign-
ing each atom in each interpretation a distinct truth value. (ADM11){(ADM17) correspond
exactly to (AH11){(AH17) (wrt. 1). Thus, these rules model classical entailment.

Each interpretation ! ; is supposed to be a model for formulah; 2 K, i 2f0;:::;jKj 1g.
To this end, the integrity constraint (ADM18) ensures that no formula A; evaluates tof un-
der!;. If a contradictory formula Ai? is included in K, there exists no interpretation ! ; that
would satisfy A7 . Hence, the answer set would need to includéruthValuelnt(  A?;i;f ).
However, (ADM18) does not allow this, so no answer set can be derived. O

Let P"®YK) denote the extended logic programP["®(K) without the minimize state-
ment (ADM20). Let DZ® = fnjd(n) 2 M;n 2 Ng wrt. an answer setM .

Lemma 15. Let M be an answer set oP(’,"aXO(K). Each n 2 Dy corresponds to a value
smaller than or equal to the distance between some interpretationy; and one of the models
of the formulas inK, i.e., !'j with i 2f0;:::;jKj 1g.

Proof. If an atom X 2 At(K) evaluates to a truth value 2 ft;f g under an interpre-
tation !, and not to truth value under interpretation L ik » with i 2 f0;:::;jKj 1g,
then truthValuelnt( X;i; ) 2 M and truthValuelnt( X; jKj; ) 2 M. We also have
atom(X) 2 M, interpretation( i) 2 M, and interpretation(  jKj) 2 M. Consequently,
if for n cases of atoms< wrt. interpretations ! and! j; we have di erent truth values, i.e.,
we havetruthValuelnt( X;i; ) 2 M, but truthValuelnt(  X; jKj; ) 2 M, this is counted
by means of the#count aggregate in (ADMS8). Note that this also represents the Dalal
distance between!; and ! ;. Moreover, fdiff(0), :::;diff( jAt(K)j)g M (ADM19).
Since the Dalal distance betweerl j and ! j; cannot exceedAt(K)j (except for the 1 case,
see Lemma 14)diff( n) 2 M. Moreover, via (ADM8), we do not only derive d(n), but
alsod(m) with m2f1;:::;n 1g. Thus, we conclude thatfd(1) ;:::;d(n)g M if the
Dalal distance between! j and ! i; is n. Further, each interpretation ! j represents a model
of the i-th formula, due to the integrity constraint (ADM18). Hence, each element in D &
always represents a value smaller than or equal to the Dalal distance between a model of a
formula in K and ! j; . O

Theorem 10. Let M, be an optimal answer set oP{"®(K). Then jD2%j = | ®(K). If
no answer set ofP"™(K) exists, | ["(K) = 1 .

Proof. Lemma 14 shows thatP"®(K) does not have an answer set iK contains at least
one contradictory formula, i.e., if | ®(K)= 1 .

Furthermore, Lemma 15 shows that the elements inD 3® represent the Dalal distances
between an interpretation ! ; and a model of one of the formulas, represented by i,
i210;:::;JKj  19. Let M, be an optimal answer set ofP " (K). The minimize statement
(ADM20) nds the interpretation ( ! j;) with the \optimal" distance to the models of the
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formulas of K. More precisely, the objective of the minimize statement is to nd as few
di erent distance values as possible, since it \counts" each distance. Note that each distinct
distance can only be derived once (due to (ADM19)), and for everyd(n) 2 M with n 2

D%, we also haved(m) 2 M with m 2 f1;:::;n  1g. In other words, every distance
that is smaller than n (but at least 1, since dlff(O) 2 M (ADM19)) is also counted, since
(ADMS8) derives d(n) for each value that is smaller than or equal to the Dalal distance
(see Lemma 15). Hence, we hav®y® = f1;:::;Nmaxg With nmax corresponding to the
maximal value in Di®*. Due to the m|n|m|zat|on in (ADM20), nmax corresponds exactly
to the minimal maximum distance. It is easy to see thatjD,\“]in = Nmax. Therefore,

IDME) =1 §*(K). O

A.2.5 The Sum-Distance Inconsistency Measure

For every Aj 2 K with i 2f0;:::;jKj 1g:

kbMemberf, i). (ADS1)
For every X 2 At(K):

atom(X). (ADS2)
De ne jKj + 1 interpretations:

interpretation(O.. iKj). (ADS3)
For every conjunction = 1" (2 appearing in some formula:

conjunction( ¢, 1, c2)- (ADS4)
For every disjunction 4= g41_ 4.2 appearing in some formula:

disjunction( dv dil, d:2)- (ADSb)
For each negation , = : , appearing in some formula:

negation( ., n). (ADS6)
For every formula 5 which consists of a single atomX :

formulalsAtom( 5, X). (ADS7)

Minimize statement:
#minimize f 1,A,l: atom(A), truthValuelnt(A,l,T),

not truthValuelnt(A,  jKj,T) g. (ADS8)
For the static part, we de ne:
tv( t; ). (ADS9)
1f truthValuelnt(A,I,T) : tv(T) ol:-
atom(A),
interpretation(l). (ADS10)
truthValuelnt(F, I, t) :-

conjunction(F,G,H),
interpretation(l),

truthValuelnt(G,I, t),

truthValuelnt(H,I, t). (ADS11)
truthValuelnt(F, I, f) :-

conjunction(F, _, ),

interpretation(l),
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not truthValuelnt(F,|, t). (ADS12)

truthValuelnt(F,|, f) :-
disjunction(F,G,H),
interpretation(l),
truthValuelnt(G,I, f),
truthValuelnt(H,I, f). (ADS13)

truthValuelnt(F, I, t) -
disjunction(F, _, ),
interpretation(l),
not truthValuelnt(F,I, f). (ADS14)

truthValuelnt(F,I, t):-

negation(F,G),

truthValuelnt(G,|, f). (ADS15)
truthValuelnt(F,|, f):-

negation(F,G),

truthValuelnt(G,I, t). (ADS16)
truthValuelnt(F,I,T) :-

formulalsAtom(F,G),

truthValuelnt(G,1,T),

interpretation(l),

tv(T). (ADS17)
truthValuelnt(F,I, f),
kbMember(F,I). (ADS18)

Encoding 11: Overview of the ASP encodingP, (K) of the sum-distance inconsistency
measurel 4. K is the given knowledge base.

Let K be an arbitrary knowledge base andP, (K) the extended logic program consisting
of rules (ADS1){(ADS22) listed in Encoding 11 in Section 4.6.

Lemma 16. P, (K) does not have an answer set if and only iK contains one or more
contradictory formulas.

Proof. Analogous to the proof of Lemma 14. O
We de ne
Dy = fdi v (X;i)jtruthValuelnt(  X;i; ) 2 M; truthValuelnt(  X; jKj; ) 2Mg:

Theorem 11. Let M, be an optimal answer set ofP, (K). Then jDy, j = 14(K). If no
answer set ofP, (K) exists, | 4 (K) = 1.

Proof. Lemma 16 shows thatP, (K) does not have an answer set iK contains at least one
contradictory formula, i.e., if 1 4(K)= 1.
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Each formula A 2 K is connected to one speci c interpretation. More precisely, inter-
pretation ! is a model of formulaA; (ADS18) (see also the proof for Lemma 15). Further,
the inner part of the minimize statement (ADS8) represents the calculation and summation
of the Dalal distance between! jx; and each interpretation ! ; with i 2f0;:::;jKj 1g. To
be precise, each case in which an atorX evaluates to 2 ft;f g under interpretation ! ;,
but!; 6 ,i.e.,iftruthvValue( X;i; ) 2 M, but truthValue( X; jKj; ) 2M, is counted
as 1. Thus, for any answer seM , jD,, j corresponds to the sum of Dalal distances between
the models of the formulas!; and ! ;. For an optimal answer setM,, yielded by the
# minimize statement in (ADS8), ! ; becomes the \optimal” interpretation, i. e., the one

with the lowest sum of distances. HencejD, j = | 4 (K). O

A.2.6 The Hit-Distance Inconsistency Measure

For every A 2 K:

kbMemberf). (ADH1)
For every X 2 At(K):

atom(X). (ADH2)
For every conjunction = 1" 2 appearing in some formula:

conjunction( ¢, 1, c2)- (ADH3)
For every disjunction 4= 41 _ 4.2 appearing in some formula:

disjunction( dv d:1,  d:2)- (ADH4)
For each negation , = : | appearing in some formula:

negation( ., n). (ADH5)
For every formula 5 which consists of a single atomX :

formulalsAtom( 5, X). (ADH®6)
For the static part, we de ne:

tv( t; f). (ADH7)

1f truthValue(A,T) : tv(T) ol:-

atom(A). (ADHB)

truthValue(F, t) :-
conjunction(F,G,H),
truthValue(G, t),

truthValue(H, t). (ADH9)
truthValue(F, f) :-

conjunction(F, _, ),

not truthValue(F, t). (ADH10)

truthValue(F, f) :-
disjunction(F,G,H),
truthValue(G, f),
truthValue(H, f). (ADH11)

truthValue(F, t) :-
disjunction(F, _, ),
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not truthValue(F, f). (ADH12)

truthValue(F, t):-

negation(F,G),

truthValue(G, f). (ADH13)
truthValue(F, f):-

negation(F,G),

truthValue(G, t). (ADH14)
truthValue(F,T) :-

formulalsAtom(F,G),

truthValue(G,T),

tv(T). (ADH15)
truthValueKbMember(F,T) :-

kbMember(F),

tv(T),

truthValue(F,T). (ADH16)
#minimize f 1,F : truthValueKbMember(F, f)g. (ADH17)

Encoding 12: Overview of the ASP encodinng‘“(K) of the hit-distance inconsistency
measurel . K is the given knowledge base.

Let K be an arbitrary knowledge base andDGTit (K) the extended logic program consisting
of rules (ADH1){(ADH17) listed in Encoding 12 in Section 4.7. Let PtqK) denote the
extended logic programPé1it (K) without the minimize statement (ADH17).

For an answer setM of P {(K) we de ne:

Km = fA%P | A 2 K; truthValueKbMember( A%P;f) 2 M g
with A23P being an ASP representation ofA.
Lemma 17. Each A2P 2 K\, corresponds to a formulaA 2 K being evaluated tof .

Proof. The knowledge base, i.e., its formulas, subformulas, and atoms are modeled by
(ADH1){(ADH®6). (This corresponds exactly to (AC1){(AC6) wrt. 1) The two truth
values are represented by (ADH7). Analogously to (AF10) (), (ADH8) guesses an inter-

pretation by assigning each atom a distinct truth value. We denote this interpretation as
follows:

t truthValue( X,t) 2 M

| =
m(X)= truthValue( X, f) 2 M
(ADH9){(ADH14) model the evaluation of conjunctions, disjunctions, and negations wrt.
I'm (this corresponds exactly to (AF11){(AF16) wrt. |¢). In addition, (ADH15) models
that a formula consisting of an individual atom gets the same truth value as that atom.
Moreover, (ADH16) essentially extracts the truth values of the formulas A 2 K. More
precisely, if the atom valuations determined by (ADH8) eventually lead to a formula being
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evaluated to a truth value 2 ft;f gli.e., if truthValue( A2¥P; ) 2 M andA is an element
of K (i.e., kbMemberA2sP) 2 M), then truthValueKbMember( A2P; ) 2 M. Hence, each
AP 2 K\ corresponds to a formulaA 2 K with !y (A) = f. O

Theorem 12. Let M, be an optimal answer set oP [ (K). Then jKy,j = 1 1*(K).

Proof. From Lemma 17 we know that for an answer setM of P {K), each A3 2 K
corresponds to a formulaA 2 K being evaluated to false (i. e., with! y (A) = f). In Pt (K),
the minimization statement (ADH17) ensures that the resulting optimal answer set M
contains a minimal number of instances oftruthvalueKbMember( A2sP;f) (with A 2 K),
i. e., the cardinality of jKu,j gets minimized. Hence, we are computing the minimal number
of formulas in K which evaluate tof (and which would need to be removed in order to render
K consistent), which meets the de nition of | J. O

Appendix B. Additional Data

This section includes additional data and visualizations regarding the experimental evalu-
ation (Section 5).

B.1 Runtime Measurements

The following gures display cactus plots®*, each corresponding to a comparison between
the three approaches wrt. a speci ¢ inconsistency measure and data set.

24. A cactus plot is comprised of time measurements ordered from low to high. Hence, we measure the
runtime of an algorithm wrt. each knowledge base of a given data set, and subsequently order the
measurements from low to high and plot them. If an inconsistency value wrt. a given knowledge base
could not be computed within the given time limit (i.e., if it timed out) or if a memory error occurred,
the corresponding time measurement is not plotted.
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Figure 3: Runtime comparison of the ASP-based, SAT-based, and naive approaches on the

SRS data set. Timeout: 10 minutes.
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(a) Contension inconsistency measurel(c) (b) Forgetting-based inconsistency measurel(;)

(c) Hitting Set inconsistency measure ( ) (d) Max-distance inconsistency measure I(®)

(e) Sum-distance inconsistency measurel (; ) (f) Hit-distance inconsistency measure ()

Figure 4: Runtime comparison of the ASP-based, SAT-based, and naive approaches on the
ML data set. Timeout: 10 minutes.
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(a) Contension inconsistency measurel(c) (b) Forgetting-based inconsistency measurel(;)

(c) Hitting Set inconsistency measure ( p) (d) Max-distance inconsistency measure I({®)

(e) Sum-distance inconsistency measurel (; ) (f) Hit-distance inconsistency measure [ )

Figure 5: Runtime comparison of the ASP-based, SAT-based, and naive approaches on the
ARG data set. Timeout: 10 minutes.
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Figure 6: Runtime comparison of the ASP-based, SAT-based, and naive approaches for
the contension inconsistency measure on the SC data set. Timeout: 5000 seconds :@3
minutes).
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(a) Contension inconsistency measurel(c) (b) Forgetting-based inconsistency measurel(;)

(c) Hit-distance inconsistency measure ()

Figure 7. Runtime comparison of the ASP-based, SAT-based, and naive approaches on the
LP data set for the contension and forgetting-based inconsistency measures. Timeout: 10
minutes.
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(a) Contension inconsistency measurel(c) (b) Max-distance inconsistency measure I("®)

(c) Sum-distance inconsistency measurel (; )

Figure 8: Runtime comparison of the SAT-based approaches based on linear search (for
e, 1 I, and | ) and the corresponding binary search versions, as well as the ASP-based
versions, on the SRS data set. Timeout: 10 minutes.
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@ ML/ I

(b) ARG / |4, (C) ARG / | max

Figure 9: Runtime comparison of the ASP approach with core-guided vs. with branch-and-
bound optimization (default) on the ML data set wrt. the hitting set measure (1) and on
the ARG data set wrt. | , and the max-distance measure (). Timeout: 10 minutes.
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Figure 10: Runtime comparison of the MaxSAT approach forl ; and the previously intro-
duced approaches on the SRS data set. Timeout: 10 minutes.

Figure 11: Runtime comparison of the di erent versions of the ASP approach forl ¢ on the
SRS data set. \ASP binary search" refers to the version from (Kuhlmann & Thimm, 2020),
\ASP minimize v1" to the version from (Kuhlmann & Thimm, 2021), and \ASP" to the

new one. Timeout: 10 minutes.
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B.2 Inconsistency values

In this section, we present histograms over the inconsistency values regarding all inconsis-
tency measures and all data sets considered in this work. Note that we could only include
inconsistency values wrt. instances for which at least one approach did not time out. To
be precise, the histograms for the SRS data set are included in Figure 12, those for the ML
data set in Figure 13, those for the ARG data set in Figure 14, those for the SC data set
in Figure 15, and those for the LP data set in Figure 16.

Furthermore, the following plots only include non-1 values. With regard to those
measures that allow for the valuel (i.e., |, Ig‘ax, and | 4), the number of instances
resulting in that value are mentioned in the corresponding captions.
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(a) Contension inconsistency measurel(c) (b) Forgetting-based inconsistency measurel(;)
(c) Hitting Set inconsistency measure ( p); (d) Max-distance inconsistency measure I(J"®);
number of 1 cases: 621 number of 1 cases: 621
(e) Sum-distance inconsistency measurel(; ); (f) Hit-distance inconsistency measure (Q“)

number of 1 cases: 621

Figure 12: Histograms of the inconsistency values of the SRS data set wrt. all six inconsis-
tency measures.
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(a) Contension inconsistency measurel(c) (b) Forgetting-based inconsistency measurel(;)
(c) Hitting Set inconsistency measure ( p); (d) Max-distance inconsistency measure I('®);
number of 1 cases: 0 number of 1 cases: 0
(e) Sum-distance inconsistency measurel (; ); (f) Hit-distance inconsistency measure (")

number of 1 cases: 0

Figure 13: Histograms of the inconsistency values of the ML data set wrt. all six inconsis-
tency measures
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(a) Contension inconsistency measurel(c) (b) Forgetting-based inconsistency measurel(;)
(c) Hitting Set inconsistency measure ( p); (d) Max-distance inconsistency measure I('®);
number of 1 cases: 0 number of 1 cases: 0
(e) Sum-distance inconsistency measurel (; ); (f) Hit-distance inconsistency measure (Q“)

number of 1 cases: 0

Figure 14: Histograms of the inconsistency values of the ARG data set wrt. all six incon-
sistency measures
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Figure 15: Histogram of the inconsistency values of the SC data set wrt. all six inconsistency
measures.

Figure 16: Histogram of the inconsistency values of the LP data set wrtl ¢, 1, and IQ“.
Wrt. the other measures (| n, | ['*, | 4), none of the instances from the ASP data set could
be solved.
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B.3 Scatter Plots

In this section we present scatter plots which compare each pair of approaches wrt. each
inconsistency measure and each data set in terms of runtime per instance. Figures 17, 18,
and 19 refer to the SRS data set, Figures 20, 21, and 22 refer to the ML data set, and
Figures 23, 24, 25 refer to the ARG data set, and Figures 26, 27, 28 refer to the SC data
set. The scatter plots regarding the LP data set are omitted, since both the naive and the
SAT-based approaches exclusively produced timeouts.

Furthermore, Figures 29 and 30 depict the scatter plots regarding the comparison be-
tween a linear search variant of the SAT approach and the other approaches, as described
in Section 5.3.3. Moreover, the scatter plots relating to the comparison of the MaxSAT
approach for the contension inconsistency measure and the corresponding other approaches
(see Section 5.3.4) are shown in Figure 31.
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(a) Contension inconsistency measurel(c) (b) Forgetting-based inconsistency measurel(;)

(c) Hitting Set inconsistency measure ( ) (d) Max-distance inconsistency measure I("®)

(e) Sum-distance inconsistency measurel (; ) (f) Hit-distance inconsistency measure (Q“)

Figure 17: Runtime comparison of the ASP-based and SAT-based approaches on the SRS
data set. Timeout: 10 minutes.
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Figure 18: Runtime comparison of the ASP-based and naive approaches on the SRS data
set. Timeout: 10 minutes.
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(a) Contension inconsistency measurel(c) (b) Forgetting-based inconsistency measurel(;)

(c) Hitting Set inconsistency measure ( ) (d) Max-distance inconsistency measure I("®)

(e) Sum-distance inconsistency measurel (; ) (f) Hit-distance inconsistency measure (Q“)

Figure 19: Runtime comparison of the SAT-based and naive approaches on the SRS data
set. Timeout: 10 minutes.
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(a) Contension inconsistency measurel(c) (b) Forgetting-based inconsistency measurel(;)

(c) Hitting Set inconsistency measure ( ) (d) Max-distance inconsistency measure I("®)

(e) Sum-distance inconsistency measurel (; ) (f) Hit-distance inconsistency measure (Q“)

Figure 20: Runtime comparison of the ASP-based and SAT-based approaches on the ML
data set. Timeout: 10 minutes.
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(a) Contension inconsistency measurel(c) (b) Forgetting-based inconsistency measurel(;)

(c) Hitting Set inconsistency measure ( ) (d) Max-distance inconsistency measure I("®)

(e) Sum-distance inconsistency measurel (; ) (f) Hit-distance inconsistency measure (Q“)

Figure 21. Runtime comparison of the ASP-based and naive approaches on the ML data
set. Timeout: 10 minutes.
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