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Abstract

We analyse representatives of the class of non-admissible semantics, particularly the undis-
puted, strongly undisputed, weakly admissible, and weakly preferred semantics, in terms of
realisability and their signatures. More specifically, we determine properties of the extension
sets they produce, as well as structural features of frameworks that realise extension sets un-
der these semantics. We describe two classes of extension sets for which we show that they
are not realisable under undisputed semantics. We also identify approaches that have proven
to be useful in the construction of frameworks that aim to realise given extension sets under
classical semantics and transfer them to the non-admissible case. While a full characterisation
of the signatures of the non-admissible semantics remains elusive, we provide plausible upper
bounds and discuss the challenges in establishing concrete lower bounds.

1 Introduction

Abstract argumentation frameworks [10] model scenarios in which arguments are exchanged in
the course of a dispute. Only the interdependencies between the arguments are considered; the
arguments themselves are not assessed, neither in terms of their truthfulness nor their applicability
to the topic of the debate. The subject of the modelling is merely the arguments as entities
without futher internal structure, which attempt to invalidate each other through directed attacks.
Accordingly, arguments and their interactions can be represented as a directed graph that contains
the arguments as nodes and in which an edge represents an attack from one argument to another
with the aim of invalidating the attacked argument. In this scenario, the question now arises as
to which sets of arguments can be considered valid in the sense that they represent a justifiable
point of view. Firstly, it seems imperative that a valid set of arguments is conflict-free, i.e., that
it does not contain any arguments that attack other arguments in the set. To safeguard against
attacks from the outside, one can further demand that all attacking arguments should themselves
be counter-attacked from the selected set, leading to the notion of admissibility (we will provide
formal definitions in Section 2). Based on the notion of admissibility, formal semantics to abstract
argumentation frameworks, i.e., functions that assign to each argumentation framework a set of
sets of arguments (extensions) as plausible outcomes, can be defined [10, 1].

One of the consequences arising from requiring admissibility of an extension has already been
questioned in Dung’s seminal paper [10, p.351], using the simple example from Figure 1: since
argument b does not defend itself against the attack by a, the set {b} is not considered admissible;
however, since a already invalidates itself, the question is justified whether b should actually need
to defend itself at all under these circumstances.

Figure 1: In this simple framework, b is attacked by a nonsensical attacker a.

This example, along with similar ones, inspired the development of so-called weak semantics.
These aim to weaken the concept of admissibility to the point where attacks by arguments that
are, in some sense, not considered serious, no longer need to be countered by extensions.



This new class of semantics includes those based on the concept of weak admissibility devel-
oped by Baumann, Brewka and Ulbricht [3, 4]; key ideas were initially introduced by Kakas and
Mancarella [17]. Tt also includes semantics defined in terms of undisputed sets by Thimm [21].
Another approach is Dondio’s also called “weakly admissible” semantics [9], which Baumann et
al. compare along with other alternative approaches to their own [4]. While the various proposed
semantics all address the same problem, albeit from different angles, they may well differ in the
sets of extensions they produce in response to a particular argumentation scenario.

The discovery and development of an increasing number of semantics raises the need to system-
atically analyse and compare their properties. To this end, Baroni and Giacomin [2] enumerated
various principles and studied the fulfilment of these principles by the individual semantics; this
consideration was extended by Van der Torre and Vesic [22] to include further principles and se-
mantics. Dvofak and Woltran [15] as well as Dvordk and Spanring [13] investigate the question
whether there exist translations between frameworks so that for two semantics, the set of exten-
sions of the original framework under the first semantics is identical or at least sufficiently similar
to the set of extensions of the translated framework under the second semantics. Finally, Dunne
et al. [12] explore signatures of semantics: they investigate properties that the extension sets of
various semantics necessarily possess, and show that some of these properties are also sufficient
to guarantee the existence of frameworks capable of realizing such sets of extensions. The study
of signatures has so far mainly been carried out for semantics which are based on the notion of
admissibility.

The present work aims to analyse realisability for weak argumentation semantics, by investi-
gating properties of their extension sets and by assessing construction methods for frameworks
that attempt to realise the extension sets of some of the representatives of this more novel class
of semantics. We ask ourselves the same questions that Dunne et al. [12] have already answered
for classical semantics: for which sets of argument sets are there frameworks that have these as
their extensions? For this purpose, we describe properties that extension sets necessarily exhibit
under weak semantics on the one hand, and frameworks that generate given sets of argument sets
as extensions on the other. In doing so, we focus our attention on weak admissibility [3], weakly
preferred semantics [3], undisputed semantics [21], as well as strongly undisputed semantics [21].

We first provide some necessary background on abstract argumentation, weak argumentation
semantics and realisability in Section 2. We then consider upper bounds for signatures in Section 3,
i.e., we identify necessary properties of the sets of extensions of the aforementioned semantics.
Afterwards, in Section 4 we consider lower bounds for those signatures. We do this constructively
by exploring different construction methods for argumentation frameworks that are able to produce
a desired set of extensions. Despite our in-depth analysis, a full characterisation of the considered
signatures remains open. We conclude this paper with a discussion on this and other aspects in
Section 5.1

2 Preliminaries

This section recalls the necessary background on abstract argumentation (Section 2.1), weak ar-
gumentation semantics (Section 2.2), and realisability (Section 2.3).
2.1 Abstract argumentation

Following Dung [10], we start with a basic set 2, whose elements a € 2 we call arguments.

Definition 1. An argumentation framework is a pair F = (A, R) consisting of a finite subset
A C 2 and a relation R C A x A.

We call R the attack relation (on F); the set of all argumentation frameworks (over 2A) is
denoted by Fy.

IMany of the examples given in this paper were computed automatically; the source code used in these compu-
tations is available at https://github.com/tdoukas/aaf.
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For F = (A,R) and (a,b) € R, we write @ —g b, or shorter a — b if the reference to the
relation R is unambiguous, and say that a attacks b (in F'). A set S C A attacks an argument
a € A (S — a)if any member s € S attacks a. Likewise, an argument a € A is said to attack a
set S C A if a attacks some s € S; we then write a — 5. Extending the notation in the obvious
way to two sets S, T C A, we write S — T to denote that there are s € S,t € T such that s — ¢.
Additionally, given a set S C A, ST ={a € A| S — a} denotes the set of all arguments attacked
by S, while S~ = {a € A | a — S} is the set of all attackers of S. Finally, we call S® = SU ST
the range of S.

Definition 2. Let (A, R) € Fu. A set D C A defends a set S C A if S~ C DT; equivalently, for
every attacker a € A with a — S, we have D — a.

This concept of defence is fundamental to the following definition of admissibility.

Definition 3. Let (A,R) € Fo be an argumentation framework. A set S C A is conflict-free
iff it does not contain two arguments a,b € S with a — b; furthermore, S is admissible iff it is
conflict-free and defends itself against any attacks from within A.

Next, we introduce mappings from argumentation frameworks to sets of sets of arguments.

Definition 4. A semantics is a mapping o : o — 22" with F = (4,R) — o(F) C 24. For a
given framework F' € §y, we call o(F) the set of o-extensions of F.

Certain semantics along with their extensions are given special names. The below defined
semantics were described by Dung [10]; we refer to them as the classical semantics (we do no
consider the grounded semantics here, though).

Definition 5. Let F' = (A, R) € §y. An extension is said to be:
o preferred, iff it is a C-maximal admissible subset of A;
e complete, iff it is admissible and includes all arguments that it defends;
o stable, iff it is conflict-free and attacks all arguments (of A) it does not contain.

The designations also apply to the semantics themselves (e.g., the semantics that assigns to a
framework the set of its stable extensions is called the stable semantics).

We write cf(F) resp. adm(F') to denote the set of conflict-free resp. admissible sets of F.
Likewise we denote by pr(F'), com(F'), and stb(F') the sets of preferred, complete, and stable
extensions of F', respectively.

Example 1. For the framework shown in Figure 2 (call it F'), we find stb(F') = {{b,d}}, pr(F) =
stb(F) U {{c,d}}, com(F) = pr(F) U {{d}}, and adm(F) = com(F) U {0, {b}, {c}}.
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Figure 2: An example framework (F'), for which @) # stb(F') C pr(F) € com(F) C adm(F).

Finally, for a framework F' = (A, R) € Fa and a subset of arguments S C A, the restriction of
FtoS
Flg = (S,RN (S x 9))

consists only of the arguments of S and the attacks among them.



2.2 Weak argumentation semantics

In the following, we introduce representatives of a class of semantics that only require defence
against attacks that are in a certain sense considered serious. The following definition is from [3].

Definition 6. Let F' = (A, R) € §y and let S C A. The reduct of F with respect to S is the
argumentation framework
FS=F ‘A\s@ )

that is, the “remainder” of F after removing the arguments of S, and all arguments attacked by
S, along with any attacks they participate in.

Example 2. In the framework F = (A, R) from Figure 3, for S = {a} we have S® = {a,c},
A\ 89 = {b}, and F|,\ge = ({0},0), while for S = {b}, we have §'% = {a,b,c}, A\ S'® =0,
and F|A\s'@ = (0,0).

Figure 3: In this example, the reduct operation with respect to {b} produces the empty framework.

Building on the concept of the reduct, weak admissibility [3] is defined as follows.

Definition 7. Let FF = (A, R) € §Fy and let S C A. The set S is weakly admissible in F
(S € wadm(F)) if it is both conflict-free and not attacked from any weakly admissible set of the
reduct F'S, so that?

S ecf(F) and VaEA:(a%Sza¢Uwadm(FS)).

We call S weakly preferred (S € wpr(F)) if it is a C-maximal weakly admissible extension.

Admissible sets defend all of their elements, leaving no attackers in the reduct, so that the body
of Definition 7 holds trivially for admissible sets as well [4]:

Proposition 1. Admissibility implies weak admissibility. O

Example 3. Figure 4 shows a series of frameworks in which the argument b is attacked from an
odd cycle of arguments. Consider for example S = {a1,..., a5} in the rightmost framework (call it
F). Every non-empty, conflict-free subset of S (for example, {a1, a4}) has attackers (continuing the
example, {as,as}) against which it does not completely defend (the attack by agz is undefended),
so no non-empty subset of S is admissible; the same applies analogously to the other frameworks
in Figure 4. We therefore argue that the attacks on b each time originate from a position that
itself is unsustainable, and in this sense consider the attacks on b not serious.

Let us now check for weak admissibility of the attacked set {b} in F. The reduct F; = F{}
consists of the odd cycle S and the attacks among S. Looking at possible attackers of {b} such as
the conflict-free subset S' = {a1, a4} C S, we want to assess weak admissibility of S’ in F; and find
that F¥" = ({a3},0), in which {a3} is indeed admissible and attacks S’ in Fy, so that S’ cannot
be weakly admissible in Fj itself. The cases for other conflict-free subsets of S are analogous and
consequently, {b} is weakly admissible.

The recursive nature of Definition 7 suggests that reasoning under weakly admissible semantics
is computationally challenging. Indeed, Dvordk, Ulbricht, and Woltran [14] show that all standard
decision problems, such as the verification whether a given set is weakly admissible, are PSPACE-
complete. An alternative approach that is designed to be more tractable computationally is that
of undisputed sets [21], which we introduce in the following.

2For a set of sets S, we intend [JS to mean (Jgg S-
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Figure 4: Odd cycles of length 1, 3, and 5 attack an argument b; none of the attacks on b are
considered serious.

Definition 8 ([21]). An argumentation framework F' € Fq is vacuous with respect to a semantics
o if the o-extensions of F' contain at most the empty set, i.e. o(F) C {0}.

For a framework that is vacuous with respect to a given semantics, no subset of its arguments
is acceptable under that semantics.

Definition 9 ([21]). Let F = (A, R) € Fo and let 0,7 be two arbitrary semantics. A set S C A is
a o7 -extension if S is a o-extension, and the reduct F¥ is vacuous with respect to 7. A mapping
Fa — 22" is a 0" -semantics if it assigns to a framework the set of its o”-extensions; we denote
such a mapping simply by o7.

We build on the previous definition and define the following concrete semantics.
Definition 10 ([21]). We call

e ud = cf*™ the undisputed semantics, and

e sud = cf" the strongly undisputed semantics.

It is worth noting that vacuous reduct semantics provide a template for describing other new
as well as existing semantics (cf. also [5]).

Example 4. We return to Figure 4 and want to assess undisputedness of {b} in the rightmost
framework, which we call F. The set {b} is conflict-free, and we have seen earlier (in Example 3)
that the reduct F{®} contains no non-empty admissible sets, so {b} is undisputed.

Finally, to provide some intuition into the distinction between undisputed and strongly undis-
puted semantics, consider the following example (from [21]).

Example 5. In the framework (F) in Figure 5, {c} is undisputed since adm(F{}) = {0}; we may
argue however that b presents a valid and undefended attack on c since b is attacked only by the

nonsensical a. In contrast, strongly undisputed semantics does not accept {c}, since in the reduct
Fit = ({a,b},{(a,a), (a,b)}), {b} is undisputed.

Figure 5: Here, {c} is undisputed, but not strongly undisputed.

2.3 Realisability and signatures

The notion of realisability [12] is concerned with the expressivity of abstract argumentation se-
mantics and is formally defined as follows.



Definition 11. Let S C 2% be a collection of sets of arguments, and let o : Fo — 22" e

a semantics. The set S is realisable under o iff there is an argumentation framework F with
o(F)=S.

The next definition captures the main topic of our consideration.

Definition 12. Let o : §9o — 22" be a semantics. The signature X, of o is the set
Yo ={0(F) | F € Fa}.

In other words, the signature ¥, of a semantics o aggregates all extension sets that are real-
isable under o. For some semantics, their signatures turn out to have exact characterisations; we
reproduce some of the respective results of Dunne et al. [12] below. For that, we need some further
notions.

Definition 13. Let S C 2% be a collection of sets of arguments. The downward-closure dcl(S) of S
is the set of all subsets of the individual elements of S, i.e., dcl(S) ={S CJS |35 €S:5C S}

Example 6. The downward-closure of S = {{a, b}, {a, c},{b,c}} is dcl(S) = {0, {a}, {b}, {c}} US.
Definition 14. Let S C 2%. We call S:

e downward-closed, if dcl(S) = S;

e incomparable, if for all S,5" € S, S C S’ implies S = 5’;

e conflict-sensitive, if for all A, B € S with AUB ¢ S there exist a,b € AUB so that {a,b} € S
for all S € S; i.e., there are two arguments in A U B that never occur jointly in any set in S;

e tight, if for all A € S and b € |JS with AU {b} ¢ S there exists a € A so that {a,b} ¢ S for
all S € S; i.e., there is an argument in A that never occurs jointly with b in any extension of

S.
The following result from [12] follows straightforwardly.
Proposition 2. Tightness implies conflict-sensitivity. O
The reverse implication however does not hold.

Example 7. The set S = {0, {a}, {a,b}} is conflict-sensitive: for all A, B € S, we have AUB € S.
It is not tight however since for A = (§, we have AU {b} = {b} ¢ S, but since A is empty, there is
no argument in A that never occurs jointly with b in any extension of S.

Now some existing results on the characterisation of signatures are as follow [12].

Theorem 1. With respect to a set of arguments 2, the following characterisations for semantics
hold:

Yt = {S C 2% | S is non-empty, downward-closed, and tight};

Yadm = {S € 2% | S contains () and is conflict-sensitive};

Ypr = {S C 2% | S is non-empty, incomparable, and conflict-sensitive};

Yetb = {S C 2% | S is incomparable and tight}. O

Some relationships between signatures of different semantics are summarised in the following
result from [12].

Theorem 2. The following relations hold:

® Dt - Yadm;



o {SU{D}|SETp} S Sadm. O

The question whether a certain extension set is realisable by a given semantics is generally
answered constructively. In the following we briefly recapitulate framework construction methods
from [12].

Definition 15. Let S C 2% be a set of sets of arguments. The Canonical Argumentation Framework
is the framework F§' = (A, R) where
A=Js

Ses
and

R ={(a,b) | a,b€ A and VS €S:{a,b} £ S}.

In FSCf, an argument a attacks an argument b if and only if ¢ and b do not occur jointly in
any of the sets of S; this ensures that conflict-free semantics as well as certain derived semantics
applied to FSCf encompass at least all elements of S. More concretely:

Proposition 3. Let o € {cf,adm,stb}, and let S € &,. Then S C o(F¥').

Proof. For S € S, no attacks are constructed between a,b € S, so S € cf(F£f). Since all attacks
are reciprocal, S defends itself and thus S € adm(F<f). Finally, assume S is tight, and let S € S,
and a € |JS with a ¢ S. Then one s € S must never occur jointly with a in any S € S; thus by
construction of F§, s — a, so S € stb(F¢f).? O

Preferred semantics is notably absent in Proposition 3; indeed, only a weaker statement holds
in this case. We first give a counterexample.

Example 8. The extension set S = {{a,b,c},{c,d,e},{a,e}} is conflict-sensitive, since a and d,
and b and e respectively, never occur jointly; it is incomparable, since no extension is a subset of
another extension. We have

F§' = ({a,b,¢,d, e}, {(a,d), (b,d), (b,e), (d, a), (d.b), (e,0)}),

and pr(ESh) = {{a,b,c}, {c,d, e}, {a,c,e}}; this includes a superset of {a, e}, but not the extension
itself.

Proposition 4. For S € ¥, holds:
VS es3s cpr(FS):SC s
Proof. Proposition 3 has shown S € adm(Fg'), so S C S’ for some S’ € pr(FS'). O

Fg is then further modified to contain additional arguments and attacks so that admissible or
preferred semantics produce exactly the elements of S as their extensions (as long as S has the
adequate necessary properties), as defined below.

Definition 16. Let S C 2% and let FSCf be the canonical argumentation framework for S. The

canonical defence framework ngm results from applying the following modifications to FSCf =

(A,R):
1. For every a € A, let S{,...,S% € S be the extensions that contain a, and define
D ={{s1,...,sn} | 5: € S\ {a}}.
Note that this implies D = () if, for any i, S¢ = {a}.*

2. For each D € D°, introduce a new argument z%. This creates a total of |D*| = (|S| —1) -
..+ (|S%] = 1) new arguments.

3Dunne et al. [12] prove partial statements of this proposition in various places; we have summarised them here.
4No set {s1,...,5n} satisfies s; € () for some i € 1,...,n.



3. Introduce attacks so that: (i) each z9, attacks itself; (ii) 29, is attacked by all s € D; and
(iii) 2% attacks a.

The purpose of the above construction is to defend the membership of each a € A in each of
the sets Si'. To this end, D* collects all combinations of arguments that appear jointly with a in
extensions of S, and for each such combination D € D¢, an attacker z¢, of a is introduced, that
is self-defeating and against which the members of all extensions that contain a (except a itself)
defend. For a conflict-sensitive S that contains the empty set, this is sufficient to single out exactly
the members of S as the set of admissible extensions; or as the set of preferred extensions, if S is
instead non-empty, conflict-sensitive, and incomparable [12]. To summarise, we recall the formal
result from [12]:

Proposition 5. Let S C 2% and let Fsadm be the canonical defence framework for S. If S is
conflict-sensitive and contains (), then adm(F29™) = S. If S is non-empty, conflict-sensitive and
incomparable, then pr(F24m) = §. O

Example 9. Figure 6 shows the defence framework for S = {0, {a, b}, {b, c}}. We have D* = {{b}},
D’ = {{a,c}}, and D¢ = {{b}}, as well as 2y = 21, zf{’mc} = 22, and 2§, = 23.

Figure 6: The defence framework F29™ for S = {0, {a, b}, {b, c}}.

In Definition 15 we introduced attacks between arguments in order to prevent them to occur
jointly in any extension of the constructed framework. In view of later applications, we would
like to point out that this is indeed the only mechanism that is able to separate extensions under
admissibility.

Proposition 6. Let F' € Fq, andlet X, Y € adm(F) so that XUY ¢ adm(F). Then XUY ¢ cf(F).

Proof. X UY defends itself against all attacks directed towards either X or Y. If no attack
originates from within X UY, then X UY is already admissible. O

The next construction method aims at stable semantics. The method starts from the canonical
argumentation framework and subsequently excludes unwanted extensions.

Definition 17. Let S C 2% be a tight and incomparable extension set and let FSCF be its canonical
argumentation framework. The stable canonical framework FSStb results from applying the following
modification to F§':

1. Compute X = stb(F§')\ S.

2. For each X € X, introduce a single self-attacking argument zx, and for each a € (JS) \ X,
add an attack a — zx.

This construction excludes all unwanted sets X € X from the stable extensions, because they
do not attack the argument zx which they do not contain (compare Definition 5), in contrast to
the desired sets in S. Additionally, zx is not eligible for inclusion in an extension since it defeats
itself. This is summarised in the following proposition from [12].

Proposition 7. Let S C 2% be incomparable and tight, and let F£® be the stable canonical
framework for S. Then, stb(F5®) =S. O



Further construction ideas are presented by Dvordk and Woltran [15] as well as Dvoidk and
Spanring [13], this time in the context of translations between frameworks, which (roughly speak-
ing) are intended to preserve extensions across different semantics.

Definition 18. A framework translation is a mapping §o — Fa. With respect to two semantics

0,0 : Fa — 22" and an arbitrary argumentation framework F' = (A,R) € Fa, a framework
translation T is called ezact if o(F) = o' (T'(F)).

For example, any given framework F = (A, R) € §y can be exactly translated to a new
framework F” so that adm(F') = com(F"), as follows [15]: (i) for each argument a € A, add a new
argument z,; (ii) add reciprocal attacks between a and z,; and (iii) make z, attack itself. The
following concrete example illustrates this.

Example 10. The admissible sets of the left framework in Figure 7 are identical to the complete
extensions of framework to the right, namely {0, {a}, {c}, {a, c}}.

OnOa0
B b

Figure 7: A translation between two frameworks that preserves the extension set from admissible
to complete semantics.

The above construction exploits the fact that complete extensions are required to contain all
arguments they defend: since every original argument has its own attacker which only the original
argument defends against, the admissible sets of the original framework are exactly the complete
extensions in the translation.

We are interested in framework translations primarily in order to see whether the constructions
contain ideas that may also be useful for the non-admissible case. In doing so, we are particularly
looking at exact translations, since they need to make sure that extensions are shaped exactly as
required, often by employing mechanisms to filter out undesired elements. Such mechanisms are
indeed at work in all of the constructions we have investigated so far, as we point out next.

Observation 1. The classical framework construction methods studied so far exhibit the following
features.

e A mechanism to separate extensions, as employed in the construction of the canonical argu-
mentation framework, whose conflict-free extensions exactly match its admissible extensions.

o The use of a base framework and its subsequent customization: in the case of the canonical
frameworks, the canonical argumentation framework serves as base construction, while the
translation algorithm we have examined augments an existing framework.

o Filtering strategies that retain only desired extensions, interlinking the extensions of the base
framework with additional constructs that utilise the defining properties of the respective
semantics in a deliberate manner.

e Suppression of arguments which are essential in the construction but should not appear in
the extensions themselves, by making them self-attacking.

3 Upper bounds for the realisability of weak argumentation
semantics

In this section, we take a closer look at the necessary properties, that is, properties that apply
commonly to all extension sets of a certain weak semantics. In doing so, we focus on weakly ad-



missible and weakly preferred semantics, as well as undisputed and strongly undisputed semantics.
These semantics are related to each other as follows [3, 21].

Proposition 8. For every argumentation framework F' € Fy(, the following subset relations hold:
e stb(F) C wpr(F) C wadm(F) C cf(F);
e stb(F) Csud(F) C ud(F) C cf(F), as well as pr(F) C ud(F). O

Although these subset relationships do not necessarily imply the transition of properties of
extension sets between any two semantics involved, this can certainly be the case in individual
instances; for example, the property of preferred extension sets being universally defined does
transfer to undisputed semantics. In any case, we investigate to what extent these relationships
can provide indications regarding the common properties of the semantics being analysed here.

Another lead we follow is the symmetry of the definitions of preferred and weakly preferred
semantics (compare Definitions 5 and 7); we investigate whether some of the classical properties
from Theorem 1 carry over to the corresponding non-admissible cases.

In Section 3.1 we first analyse the compliance of weak semantics with the classical properties
from Definition 14. In Section 3.2 we discuss limits of the expressiveness of undisputed semantics,
and in Section 3.3 we summarise upper bounds for the signatures of all weak semantics.

3.1 Properties of signatures

We start with considering existing properties of signatures (Definition 14) and check whether weak
semantics satisfy these properties.

As Theorem 1 has already shown, admissible extension sets are always conflict-sensitive. This
is not necessarily true for weakly admissible extension sets, as the following example shows.

Example 11. Consider the framework (F') in Figure 8. Here we have

wadm(F) = {0, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}},

which does not contain {a, b, c} despite the fact that {a,b}, {b, c}, {a,c} € wadm(F).

Figure 8: The weakly admissible extension set of this framework is not conflict-sensitive.

Dunne et al. [12] also introduce the following relaxation of the concept of conflict-sensitivity.

Definition 19. A set of argument-sets S C 2% is called com-closed if, for every subset 8’ C S and
all a,b € [JS' holds that a,b occur jointly in some set of S, then there is exactly one C-minimal
set in S that encompasses all of | JS' (this set is called the unique completion set).

Again, weakly admissible extension sets do not comply with the property of com-closure.

Example 12. The weakly admissible extensions of the framework in Figure 8 do not contain a
completion set that encompasses {a, b, c}.

10



The property of com-closure generalises conflict-sensitivity by requiring that, in the absence of
evidence for conflict,” not the exact union of two extensions need to be present in the extension
set, but the union should at least be included in another (unique) extension. The framework of
Figure 8 contradicts attempts to further relax this requirement when applied to weak admissibility,
e.g. by dropping uniqueness of the completion-set. We conjecture at this point that no analogous
property (involving the requirement that unions of extensions must appear as subset of another
extension) holds for weak admissibility.

With regard to the classical properties of Definition 14 we further note that weakly admissible
extension sets are neither necessarily tight (this would imply conflict-sensitivity) nor necessarily
downward-closed. The latter statement is evidenced by the following example.

Example 13. For the framework (F') in Figure 9, we have wadm(F) = {0, {b}, {c}, {a,c}}, which
is not downward-closed since {a} ¢ wadm(F).

Figure 9: The weakly admissible extension set for this framework is not downward-closed.
Below we state the only property common to all weakly admissible extension sets remaining so
far.
Proposition 9. Every weakly admissible extension set contains the empty set.
Proof. The empty set is conflict-free and has no attackers. O

We now turn to preferred extensions and recall that every preferred extension set is non-empty,
incomparable and conflict-sensitive, cf. Theorem 1. Only the properties of non-emptiness and
incomparability transfer to the weakly preferred semantics.

Proposition 10. Weakly preferred extension sets are non-empty and incomparable.

Proof. Non-emptiness follows from the definition, and incomparability is implied by C-maximality.
O

The following example rules out the other classical properties from Definition 14 for weakly
preferred semantics.

Example 14. Looking again at the framework in Figure 8, we find that its weakly preferred
extension set is {{a,b}, {a,c}, {b,c}}, which is neither conflict-sensitive, tight, com-closed, nor
downward-closed.

We proceed to undisputed and strongly undisputed sets and recall the following basic result
from [21],

Proposition 11. Undisputed extension sets are non-empty, and strongly undisputed extension
sets are incomparable (but not necessarily non-empty). O

Undisputed and strongly undisputed extension sets are neither necessarily com-closed nor
conflict-sensitive (and therefore, also not tight).

Example 15. For the framework F' in Figure 8, we have sud(F) = {{a,b}, {a,c},{b,c}} and
ud(F) = {0, {a},{b}, {c}} U sud(F).

Neither ud nor sud are com-closed.
Example 16. In Figure 9 (call the framework F), we have ud(F) = sud(F) = {{b}, {a, c}}.

We summarise our findings in Table 1.

5In the same sense as in the definition of conflict-sensitivity (Definition 14). The term (“evidently in conflict”)
will be formalised in Definition 20.
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wadm | wpr | ud | sud | References
conflict-sensitivity X X X x | Ex. 11, 14, 15.
tightness X X X x | Prop. 2.
com-closedness X X X x | Ex. 12, 14, 15.
downward-closedness X X X x | Ex. 13, 14, 16.
incomparability X v X v | Ex. 11, 15; Prop. 10, 11.
(-inclusion v X X x | Prop. 9; Ex. 14, 15, 16.
non-emptiness v v v x | Prop. 9, 11.

Table 1: Classical properties of extension sets satisfied or violated by weak semantics.

3.2 Limits to the expressiveness of undisputed semantics

The analyses in the previous subsection focused on properties of signatures of classical semantics.
In the following, we present two properties that have no classical counterpart and that limit the
expressive power of undisputed semantics. We start with some basic observations.

Lemma 1. Every undisputed extension set contains at least one preferred extension. This pre-
ferred extension is the empty set if and only if the empty set is undisputed.

Proof. Let F € Fo. If @ ¢ ud(F), then adm(F?®) ¢ {0}, so there is a non-empty S € pr(F), for
which S € ud(F) by Proposition 8. If § € ud(F), then adm(F?) C {#} and pr(F) = {0}. O

The following concept extracts a key element from the definition of conflict-sensitivity (Defini-
tion 14).

Definition 20. Let S C 2%, and let X,Y € S. We say that X and Y are evidently in conflict with
respect to S when
JreX,yeY:VSeS:{z,y} ¢S

For semantics that produce conflict-free extensions, lack of evidence of conflict guarantees that
no attacks exist between two sets.

Lemma 2. For F € Ty, let 0 : Fo — 22% 5o that every S € o(F) is conflict-free, and let X,Y €
o(F). If X and Y are not evidently in conflict with respect to o(F), then X NYT =0 =Y N X*.

Proof. The negation of Definition 20 states that for all pairs (z,y) € X XY we have some S € o(F)
so that {z,y} C S; so no member of X can attack any member of Y, and vice versa. O

We continue with two technical lemmas that we will use immediately after.

Lemma 3. Let S, Aq,..., A, be sets so that (), A; = 0 and SNA; # 0 for each A; (i € {1,...,n}).
Then, S\ A; # 0 for at least one A;.

Proof. From S\ A; = () follows S C A;; requiring this for all A; implies S C (), 4;, and since
S # (), we have a contradiction. O

Lemma 4. For F = (A, R) € Fa, let S € adm(F), and let S’ C A, so that SN S"" = (). Then
S\ 8" € adm(F%).

Proof. Since S’ does not attack any argument of S, the arguments of S\ S’ are still present in
the reduct F'°". Moreover, all attackers of S that S’ defended against are removed in F'°', so that
S\ S' defends itself in F'¥". O

Finally, the following definition captures a class of extension sets that cannot be realised by
undisputed semantics.

Definition 21. A set of sets S = {Ay,...,4,} C 2% (n > 1) is disjointly supported if, for
i€{l,...,n}, each A; #0, ), A; = 0, and the A; are pairwise not in evident conflict.
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Example 17. The set {{a,b}, {b,c},{a,c}} is disjointly supported.

Disjointly supported extension sets are unrealisable by wadm, simply because they do not
contain the empty set. For ud, the reason is more subtle.

Proposition 12. No disjointly supported extension set is realisable by ud.

Proof. Let S = {Ai,...,A,} C 2%, so that each A; # 0, (), A; = 0, and no A;, A; are evidently in
conflict. Assume that there is a F' € Fy with ud(F) = S. From Lemma 1 we obtain the existence
of a non-empty S € S with S € pr(F). Furthermore, we have SN A;® # () for all A;, otherwise
S € adm(F44), contradicting A; € ud(F). We also have S N A = () by Lemma 2; this leaves
SNA; #0 for all A;. Lemma 3 then states that for at least one A; € S we have S\ A; # 0, and
by Lemma 4 we have S\ A; € adm(F#7), again contradicting A; € ud(F). O

Below we describe a second class of extension sets that is unrealisable by undisputed semantics.

Definition 22. We call a set of sets S C 2% a distinct pairing if () ¢ S, and
VS eS3A5eS: S\ S #0 and SUS €S.

Example 18. The set {{a}, {b},{a,b},{a,c}} is a distinct pairing, but not disjointly supported.
Conversely, the set {{a,b},{b,c},{a,c}} from Example 17 is not a distinct pairing. Furthermore,
{{a}, {b},{a, b}} is both disjointly supported and a distinct pairing.

Proposition 13. Undisputed semantics cannot realise distinct pairings.

Proof. Let S be a distinct pairing, and assume we have a framework F' € Fy so that ud(F) = S.
Since ) ¢ S, by Lemma 1 one extension S € S must be preferred. The prerequisite gives us
S’ € S that cannot attack S since SU S’ € S; so Lemma 4 applies, and () # S\ 8’ € adm(F5"),
contradicting the undisputedness of S’. O

3.3 Upper bounds of signatures of weak semantics

The results from the previous subsections allow us to give first estimates for the signatures of weak
semantics.

Proposition 14. Upper bounds for the signatures of weak semantics are given as follows.
e Yuadm C{SC 2% | P €S}
e Yupr € {S C 2% | S is non-empty and incomparable};
e X 4C{SC 2% | S is non-empty, not disjointly supported, and not a distinct pairing};
e Y4 C {S C 2% | Sis incomparable}.
Proof. This follows immediately from Propositions 9, 10, 11, 12, and 13. O]

In order to establish lower bounds for the characterisations of weak semantics, we will explore
construction methods for frameworks that produce extension sets meeting the necessary conditions
outlined in this section. Along the way we will uncover some evidence suggesting that the upper
bound for undisputed semantics given above may not, in fact, be the smallest (Section 4.8). The
remainder of this work focuses on the investigation of these construction methods.
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4 Lower bounds for the realisability of weak argumentation
semantics

In this section, we consider construction methods for showing how certain extension sets can be
realised. We start in Section 4.1 with a brief discussion on the suppression of auxiliary arguments
(introduced for the sake of the construction) in the context of weak argumentation semantics. We
continue in Section 4.2 that is concerned with the reasons why certain unions of extensions may not
be extensions themselves. In Section 4.3 we provide some first general constructions that provide
overestimations of the extension sets to be realised. Afterwards, in Section 4.4 we discuss methods
how to avoid (or filter) these overestimations and Section 4.5 discusses the practical limits of these
methods. Section 4.6 presents further methods for filters, leading to a new general construction
approach in Section 4.7. Section 4.8 summarises the methods developed so far and Section 4.9
discusses a characterisation of a special case.

4.1 Suppression of arguments

All classical construction methods have in common that newly added arguments, which are essential
for the effectiveness of the construction, but should not appear in the extensions themselves, can
simply be filtered out by making them self-attacking. Unfortunately, this strategy does not readily
translate to non-admissible semantics. In the case of weakly admissible semantics, the reason for
this is given by the following result from [3]. For that, we define A° = {a € A | (a,a) ¢ R} and

F° = F| .
In other words, F° is the same as F' but with all self-attacking arguments removed.°
Proposition 15. Let F = (A4, R) € Fo. For o € {wadm,wpr}, we have o(F) = o(F°). O

This means that self-attacking arguments can be neglected for both wadm and wpr, so they
cannot have the intended effect in the construction algorithms previously considered. The same is
not true for undisputed and strongly undisputed semantics however, as the next example shows.

Example 19. In the framework from Figure 10 (F), we have ud(F) = {0, {c}} and sud(F) = 0,
but ud(F°) = sud(F°) = {0}.

50‘:

Figure 10: Undisputed and strongly undisputed semantics applied to this framework are not in-
variant with respect to removal of self-attacking arguments.

Although self-attacking arguments can never be part of an undisputed or strongly undisputed
extension, they can still have an effect on the admissibility of the reduct (as was the case in
the above example with the set {c}). Later on (in Proposition 21) we will use this feature in a
systematic way.

4.2 Separating extensions

We turn to weakly admissible semantics and investigate mechanisms that can cause two extensions
to be separated from each other in an extension set, in the sense that their union is not an extension
itself.

6 An essentially identical definition appears in [8, Definition 6].
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Observation 2. In the classical case, the only reason for the union of two admissible extensions
not to be admissible as well is that one extension attacks the other so that the union would not be
conflict-free (Proposition 6). Non-admissible semantics introduce another mechanism that is able
to separate extensions, namely odd cycles, as shown in the following example.

Example 20. Figure 11 shows the three interlinked odd cycles that we already have encountered
in previous examples. Call this framework F. To the left, we highlight the reduct F{1**}: accepting
the arguments {a, b} leaves z in an odd cycle, so that it presents no serious threat. In the right
picture we see that {a,b}U{b,c} = {a,b,c} cannot be jointly accepted, since in the reduct Fi®b:c},
{2z} would be admissible. This alone is reason enough for {a,b, ¢} not to be accepted as {ud, sud}-
extension; it disqualifies as {wadm, wpr}-extension as well because z attacks a, b, c.

=) (=)
8

Figure 11: Mechanics of odd cycles in non-admissible semantics.

We would like to formalise the mechanics at work in Example 20. In order to do this, we need
the following two results. The first is the Modularisation Theorem by Baumann et al. [4].

Theorem 3. Let I € gy, let X € wadm(F), and let Y € wadm(FX). Then XUY € wadm(F). O

The second prerequisite concerns the composition of the reduct, which turns out not to be
commutative, in the sense that (FX)Y = (FY)X does not generally hold. The below example
conveys the intuition.

Example 21. Consider the framework from Figure 12 (call it F), and let X = {a} and Y = {b}.
We have FX = ({d},0) = (FX)Y # (FY)X = (0,0) = FXVY.

Figure 12: The reduct of this framework with respect to {a} eliminates {a, b, ¢}, and the subsequent
reduct with respect to {b} cannot affect d any more.

The following lemma, along with its accompanying corollary, state that the order of reduct
construction is not significant as long as the involved sets do not attack each other.”

Lemma 5. Let F = (A, R) € Fa, and let X, Y C A If XTNY =0, then (FX)Y = PXVY,

Proof. Let FX = (Ax,Rx) and Ax = A\ (X U X}), where we write X7} instead of X, as we
need to be careful about which attack relation we refer to. We then have (FX)Y = (Axy,Rxy),
where

Axy = (A\XUXg)\(YUYR,)
= A\ (XUYUX{UYR),

“Baumann et al. [4, Proposition 3.3] give a similar proposition, but require X NY = 0 as well as X UY € cf(F).
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while, for FXYY = (Axy,Rxy), we have®

Axy = A\(XUYU(XUY)%)
A\ (X UY UXLUY).

Finally, since X;iﬂY = (), we have Y{{X = Y{{ \X;{ (the difference between Yﬁ' and Y{{X is only due
to arguments commonly attacked by X and Y, not due to attacks on Y), so XE UY{{ = X;{UYE‘X.
Then Axy = Axy and Rxy = Rxy follows straightforwardly. O

Corollary 1. Let F = (A,R) € o, and let X,Y C A, so that X UY € cf(F). Then (FX)Y =
(FY)X — FXUY. O

We can now describe a structural feature that is necessarily present in situations as in Exam-
ple 20.

Proposition 16. Let F' € Fg, and let X, Y € wadm(F) so that X UY € cf(F) but X UY ¢
wadm(F). Then there are sets Zy, Zy € wadm(FXYY) where Zy — X and Zy — Y.

Proof. Since X and Y are conflict-free, by definition of weak admissibility there is a set Z €
wadm(FXYY) so that Z — X UY; in fact, there may be many such sets. Say that none of these
sets attack Y. Because of conflict-freeness of X UY', by Corollary 1 we have FXYY = (FX)Y; 50 Y
is not attacked from | Jwadm((F¥X)Y), i.e., Y € wadm(F*). From Theorem 3 it then follows that
X UY € wadm(F), a contradiction. O

Example 22. Let F' be the argumentation framework from Figure 11, and consider X = {a, b}
and Y = {b, c}, both of which are weakly admissible extensions of F. The union X UY however is
not weakly admissible. Since X UY is conflict-free, Proposition 16 requires the existence of attacks
on both X and Y originating from a weakly admissible set of FXYY = ({z},0); indeed, {z} fits
this requirement.

We continue our investigation of structural features with the case of undisputed semantics.
While weak admissibility requires that actual attacks originate from weakly admissible sets of the
reduct in order to inhibit the existence of extensions, for undisputedness the mere presence of
a non-empty admissible set in the reduct suffices; consequently, we may expect to find different
structural features than those from Proposition 16. Let us look at an example.

Example 23. Consider the framework (F') of Figure 13. Its only weakly admissible extension is
the empty set, but its undisputed extensions are (), {a}, and {b}, though not {a,b}. Note that the
reduct Flo} (depicted to the left) contains no non-empty admissible set; the same is true for Fib},
In F{®b} however (shown in the picture to the right), {22, 23} is admissible. Neither {a} nor {b}
are weakly admissible, because both are attacked from weakly admissible sets of their reduct ({z3}

and {z2} respectively).

O, @‘e O,

Figure 13: In this framework, {a,b} is not among the undisputed extensions.

We now formalise two structural features of frameworks that separate extensions under undis-
puted semantics.

Proposition 17. Let F' € Fy, and let X, Y € ud(F) so that X UY € cf(F), but at the same time,
X UY ¢ ud(F). Then both X and Y have attackers in F' against which they do not defend.

8Read X,Y as “X, then Y”, and XY as “X and Y simultaneously”.
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Proof. The prerequisites demand X ¢ Y and Y ¢ X, otherwise XUY € ud(F). As XUY € cf(F),
the remainder X \' Y = X \ Y¥ is non-empty. Assume that X is admissible in F'; any threats
that X N'Y defends against then disappear in the reduct FY, so that the remainder X \ Y®
remains admissible in FY, contradicting Y € ud(F). So X ¢ adm(F). The situation for Y is
symmetrical. O

Example 24. Applying Proposition 17 to Figure 13, we have X = {a}, Y = {b}, and find 25 — X
and z5 — Y; neither X nor Y defend themselves.

Proposition 18. Let F' € Fy, and let X, Y € ud(F) so that X UY € cf(F), but at the same time,
X UY ¢ ud(F). Then there is a nonempty admissible extension S € adm(FXYY) that is attacked
by both X+ and Y.

Proof. The existence of a nonempty S € adm(FXYY) is guaranteed by X UY € cf(F) and XUY ¢
ud(F). All of the arguments of S are also present in FX. Since S ¢ adm(FX), there must be
an attack @ — S in F'X that S does not defend against. After removal of Y® and its related
attacks from F'X we obtain (FX)Y = FXYY from Corollary 1, where this same attack a — S is
no longer threatening the admissibility of S. The formation of the reduct cannot have added any
structures, particularly, it cannot have introduced a defence S — a; we conclude that the attack
must have originated from Y+ (a — S was present in FX, but disappeared in FX“Y; and since
S € adm(FXYY) a ¢ Y). For reasons of symmetry we have both X* — S and Y — S. O

Example 25. In the framework (F) of Figure 13, let X = {a}, Y = {b}, and let S = {22, 23} €
adm(FXYY). We find X = {z} - Saswellas Y+ = {2} = S.

4.3 Base frameworks

We now address the question of how to construct argumentation frameworks that realise a given
extension set. We first consider construction methods that overestimate the extension set, i.e.,
methods where the resulting argumentation frameworks possess at least the required extensions,
possibly along with additional extensions.

Definition 23. With respect to a semantics o : §o — 22" and a set of extension sets & - 22% we
call the mapping S +— Fs a base framework if for all S € & we have S C o(Fg).

We have seen an example of a base framework in Proposition 3:

Example 26. For each o € {cf,adm,stb} and for all S € ¥, (from Theorem 1), the construction
S — F&f of the canonical argumentation framework (Definition 15) is a base framework with respect
to o and X,.

As in the above example, we hope to find base frameworks for the non-admissible cases as
well, so that these can be modified, or filtered respectively, in a second step in order to arrive at
a realising argumentation framework. So let us consider the canonical argumentation framework
from Definition 15, as well as the canonical defence framework from Definition 16, and see whether
these are suitable as base frameworks under weak semantics.’

Proposition 19. For all S C 2% we have S C wadm(Fg") = wadm(F29m).

Proof. Fgff constructs reciprocal attacks only between arguments that do not appear jointly in any
S €S, so each S € S defends itself and S € adm(F§'). Furthermore, adm(Fg) C wadm(Fs')
holds by Proposition 1. Finally, by construction we have (Fg9m)° = FS' for any S C 2%, therefore
wadm(FS') = wadm(F29™) by Proposition 15. O

9We introduced the base framework as a mapping in order to emphasise the dependency on the parameter
S. In the following, we generally do not differentiate terminologically between the mapping and the constructed
framework.
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The range of values of S considered here corresponds to the upper bound for wadm from
Proposition 9, minus the empty set; the empty set however is present in any weakly admissible
extension set regardless of the framework. Thus, S — FSCf and S — Fsadm are base frameworks with
respect to weakly admissible semantics. For weakly preferred, undisputed, and strongly undisputed
semantics the situation is different, as demonstrated by the following two examples.

Example 27. Consider S = {{a, b}, {b,c}, {a,c}}; this extension set is realisable under weakly
preferred and strongly undisputed semantics, as witnessed by the framework (F') from Figure 11,
where we have wpr(F) = sud(F) = S. However, we have F§' = ({a,b,c},0), and S ¢ wpr(ESF) =
sud(FS") = {{a,b,c}}. As for the canonical defence framework constructed for S, we depict this in
Figure 14; for this framework, we have S ¢ sud(F29m) = {{a, b, c}}.

Figure 14: The canonical defence framework F29™, constructed for S = {{a, b}, {b,c}, {a,c}}.

Example 28. The extension set S = {@,{b}} is realised under undisputed semantics by the
framework from Figure 1; yet we have F§ = F29m = ({b},0) and S ¢ ud(Fg) = {{b}}.

Weakly admissible semantics possess an even simpler base framework than the canonical argu-
mentation framework.

Proposition 20. S — F? = (|JS,0) is a base framework with respect to weakly admissible
semantics and S € 2%.

Proof. In FSQ = (A, ), all subsets of A are unattacked and conflict-free. O
A small modification yields a base framework for undisputed semantics.

Proposition 21. Let z ¢ JS. S — F¥ = (USU {z},{(2,2)} U{(2,5) | s € US}) is a base

framework with respect to undisputed semantics and S C 2%.

Proof. We have ud(Fg?) = 2(US) hecause every S C |JS is conflict-free, and its complement [ JS\ S
is attacked by the self-attacking z and thus is not admissible. O

Example 29. Figure 15 shows the base framework F@9 for any S with |JS = {a, b, c}.

a’
) ©

Figure 15: The undisputed extension set of this framework is the set of all subsets of the original
arguments {a, b, c}.
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The base frameworks for wadm and ud described in Propositions 20 and 21 are not suitable for
wpr and sud. The reason for this is that both constructions only take into account the union of
arguments and do not involve the structure of the extension set in any other way in the construction.
While both wadm and ud are able to produce the maximal extension set 24 for any A C 2, thus
subsuming any extensions of interest, wpr and sud only produce incomparable extension sets, and
the constructions that worked well for wadm and ud lack features that would separate extensions
from another.

4.4 Filtering

The question that we ask in this subsection is this: Given a framework F' for which a semantics
produces an extension set that is a superset of the set that we desire to obtain, how can this
framework be modified to remove the unwanted extensions? More formally, we are looking for a
mapping as in the following definition.

Definition 24. With respect to a semantics o, a signature Y., and a set of argumentation frame-
works §' C Fa, a filter is a mapping f : § x 22° — Fa, so that o(f(F, X)) = o(F) \ X, as long as
o(F)\X € %,. A filter is total with respect to its first argument if §' = Fy, otherwise it is partial.

In the above definition, X is the set of unwanted extensions. We have already seen such
mappings at work.

Example 30. For o = stb we used the following total filter (cf. Definition 17):

fa((AR),X) = (AI7R/)
where A = AU{zx | X € X},
R = RU{(zx,2x) | X €eX}U{(a,2x) | X eX A ae A\ X}.

The concept of a filter shares similarities with framework translations which we described in
Subsection 2.3; but instead of attempting to preserve extension sets between different semantics,
we seek to remove certain extensions under the same semantics. The following terminology is
borrowed from the context of framework translations [13].

Definition 25. A filter f is called covering if for every F = (A, R) and every X C 2% the resulting
argumentation framework f(F,X) = (A, R’) satisfies A C A" and R C R'.

In other words, the mapping performed by a covering filter does only augment, but not alter
existing structures. We observe that filters applied in the classical cases generally appear to be
covering.

Observation 3. The filter from Example 30 is covering, and the construction of the canonical
defence framework (Definition 16) employs a covering filter as well.!°

The fact that these filters are covering seems to make a significant contribution to ensuring that
their designs remain comprehensible and universally applicable. In a first attempt to develop a
corresponding understanding of non-admissible filter mechanisms, let us look at the problem posed
in the following example.

Example 31. Consider the following problem: for the framework (F') in Figure 16, we have
wadm(F) = {0,{a},{a,b}}. Under weakly admissible semantics, how could a covering filter f
proceed in order to eliminate the extension {a}, so that wadm(f(F, {{a}})) = {0, {a,b}}?

Possible solutions are shown in Figure 17; all frameworks depicted in there have the same weakly
admissible extension set of {0, {a,b}}. Every solution required at least one additional argument,
although solutions exist that utilise more than one auxiliary argument. The solutions are also
(locally) minimal in the sense that removing an argument or an attack renders the respective
solution invalid.

10 Additionally, the framework translations featured in the work of Dvofdk and Spanring [13] are generally covering;
some are even embedding, meaning that no additional attacks between original arguments are introduced by the
translation.
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Figure 16: What modifications are needed to filter out one of this framework’s weakly admissible
extensions?
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Figure 17: Solutions to the problem posed in Example 31. Added structures have been emphasized;
all solutions are strict augmentations.

The solutions do not look particularly intuitive; rather, the fact that they actually do repre-
sent solutions seems to be more of a coincidence, and no obvious comprehensive and universally
applicable pattern appears to emerge.

Let us see if the situation is any different for undisputed semantics.

Example 32. Figure 18 shows the counterpart of Figure 16, this time for the case of undisputed
semantics. The undisputed extension set is identical to the weakly admissible one of the previous
example, namely {0, {a}, {a,b}}, and we are looking again for a way to filter the extension {a}
while covering the original framework.

© e‘:'

Figure 18: This framework has the undisputed extension set {0}, {a}, {a,b}}.

Several minimal solutions are presented in Figure 19. All frameworks shown there have the
same set of undisputed extensions, namely {0, {a,b}}.

Much like in the previous Example 31, here as well it appears difficult to recognise patterns
that could provide a template for a universally applicable filter method.

The impression left by our investigations so far is ambivalent. On the one hand, the classical
recipe of creating a base framework and then applying a filter seems to have ample expressive
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Figure 19: Some solutions to the problem from Example 32.

power even in the non-admissible case. On the other hand, the filter algorithms appear to be much
more complex than in the classical case, provided they exist and can be found at all.

Next we explore strategies and construction methods that may be useful for the realisation of
non-admissible extension sets. In doing so, we focus primarily on the undisputed semantics, as it
is the conceptually simplest compared to the other non-admissible semantics that we studied so
far.

4.5 Minimal scenarios

Examples 31 and 32 demonstrated that a filter problem can typically have many solutions which
differ in the number of attacks and arguments being added to an argumentation framework. We
would like to better understand what the minimum elements are that have to be present in a
solution; to this end, we examine in the following the expressive power of a filter that only adds
attacks, but no auxiliary arguments.

Example 33. For a set of arguments A C A, let F' = (AU {z},{(z,2)} U{(z,a) | a € A}) be the
base framework FSUd from Proposition 21, where |JS = A, and z ¢ A is the auxiliary argument
attacking all arguments in A. Let a,b € A; adding the following attacks causes the stated filter
operations on the framework’s undisputed extension set:

e a — a: removes {S € ud(F) | a € S};
e a — b: removes {S € ud(F) |a€ SAbe S}
e a — z: removes {S € ud(F) | S #UJS}.

The operations from Example 33 apply only one attack each. There are also other, less obvious
filter operations that use several attacks simultaneously.

Example 34. Figure 20 shows some filter operations on the base framework FS“d, instantiated
for US = {a,b,c}; each filter operation uses multiple attacks but does not introduce any new
arguments. To provide some intuition for item (c), we determine the extension set by observing that
b and ¢ mutually exclude each other and therefore cannot appear in the same extension. Meanwhile,
a unconditionally defeats the already self-defeating z, and thus appears in every extension.

The obvious question now is whether filters of the type being analysed here offer sufficient
expressive power to remove arbitrary elements from the extension set. The following case study
shows that, in general, this question must be answered negatively.

Case Study 1. We conduct an exhaustive search over all attacks that can possibly be applied to
FY4 for a problem size of 3, i.e., |JS = {a,b, ¢}, and record their effect on ud(F2?). The number of
scenarios to consider is 24" 431 = 511, accounting for the four attacks that are invariably present
in F¥9, as well as the exclusion of self-attacking arguments a, b, ¢, since self-attacking arguments
are never included in any extension. From the 256 subsets of 2{#¢} 38 do not contain all of the
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(a) ud(F) = {{a}, {b},{c}} (b) ud(F) = {{a,b}} (¢) ud(F) = {{a,b},{a,c}}

Figure 20: Filter operations that apply multiple attacks, and their outcomes.

arguments {a, b, ¢} (as we are specifically interested in extension sets with three arguments). Of the
remaining 218 sets, 65 are disjointly supported or distinct pairings. Subtracting these, we arrive
at 153 interesting subsets of 2{®®¢}; which can be assigned to 47 different isomorphism classes.!!
We would like to see how many of these isomorphism classes can be realised by our construction.

Result. Only 30 out of the 153 interesting extension sets, belonging to 10 different isomorphism
classes, were realised (when using F¥¢ as the base framework), although each of the 511 attack
scenarios had an effect on the undisputed extension set. The results are summarised in Table 2,
where isomorphic extension sets have been omitted.

Realised extension set Attacks, augmenting Fé‘d

{{a’b7 C}} a—z

{{a,c}, {b,c}} a—ba—z,b—ab—z

{{a}, {b,c}} a—>ba—c,b—a b—z
{{b},{a,c},{b,c}} ag)b, a— z, b—a

{{a}, {c}, {b,c}} a—ba—c,a—zc—a

{{a}, {b},{c}} a—ba—=c,a—=z,b=ab—=cc—a
{{a}, {b},{c},{b,c}} a—=ba—=c,a—=z,b=>a c—a
{0,{a}, {0}, {c}} a—>ba—c,b—c

{0,{a}, {0}, {c}, {b,c}} a—ba—c

{0.{a}. {0}, {c}. {a,c} . {b,c}} | a =D

Table 2: Results of Case Study 1. extension sets isomorphic to the ones presented here are not
included.

As we will see, the low number of extension sets realised is at least partly due to the base
framework offering insufficient potential for modification. Below we introduce a base framework
that allows for a wider range of attack options.

Proposition 22. For a given S C 2%, let A = |JS, and for each a € A, introduce a new argument
zq. The construction

S FRdt = (AU{z, | a € A}, {(24,0) | a € A} U{(24,24) | a € A})
is a base framework with respect to ud, and we have ud(Fg®") = 2(US) for any S C 2%,

Proof. Every S C A is conflict-free; S is only attacked from self-attacking arguments {z, | a € A},
so that the reduct with respect to S is adm-vacuous. O

Example 35. Figure 21 shows the base framework F29 for JS = {a, b, c}.

Compared to FS”d, the framework FS“d+ offers additional attack options.

11 Two extension sets are isomorphic if the one extension set results from a one-to-one renaming of the arguments
of the other extension set.

22



ofo\
o8O\

Figure 21: A base framework for ud, constructed from three arguments.

Example 36. Adding the following attacks has the stated effects on the undisputed extension set
of FS"d+:

e a— z,: removes {S € ud(F) | a¢ S}
e a— z (a#b): removes {S €ud(F) |ae SAb¢ST.

Repeating the previously conducted case study using this new base framework, we expect to
find a wider range of extension sets being realised.

Case Study 2. We use the same setup as in Case Study 1 but exchange thg base framework for
F§“d+. The number of attack scenarios is now considerably higher, namely 26" =6=3 — 1 ~ 108.

Result. 96 out of the 153 interesting extension sets (in 26 isomorphism classes) were realised; except
for a tiny fraction of around 104, all attack scenarios had an effect on the undisputed extension set
of the original framework. The results include all realised sets from Case Study 1; we summarise
them in Table 3.

The inability to realise all conceivable and interesting extension sets is still, at least in part,
caused by the limited expressiveness of our construction, as the following example shows.

Example 37. The extension set {0, {a,b,c}} was among the unrealised extension sets of Case
Study 2. Figure 22 however shows that a realising framework exists, which is not an augmentation
of the previously considered base framework.

DO
Bas

Figure 22: The undisputed extension set of this framework is {0, {a, b, c}}.

The minimal scenarios that we investigated in this subsection had the advantage that they
allowed an exhaustive search over all possible modifications of the base framework. Between Case
Studies 1 and 2 we saw some evidence that an increased complexity of the base framework may likely
give way to an increased expressiveness of the resulting construction. Unfortunately, exhaustive
analyses of even more complex scenarios than in Case Study 2 already become computationally
unfeasible, so we will turn to a different strategy in the next subsection.

4.6 Transformations and building blocks

The consideration of minimal scenarios in the previous subsection soon led us to a complexity limit
beyond which exhaustive searches were no longer feasible. In order to uncover further construction
patterns, we pursue a more structured strategy in this subsection: instead of inserting arbitrary
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Realised extension set

Attacks, augmenting FSUd+

{{a,b,c}}

{{a,c}, {b,c}}

{{a},{b,c}}
{{b},{a, ¢}, {b, c}}
{{a},{c};{b,ct}

{{a},{b}, {c}}

{{a}, {0}, {c}, {b,c}}
{0,{a}, {0}, {c}}
{0,{a}, {0}, {c}, {b,c}}

{0, {a}, {0}, {c}, {a, c}, {b, c}}

{{b,c}. {a,b,c}}
{{c},{b,c},{a,b,c}}
{{c}.{a,c},{b,c}}
{0,{a},{b,c}}

{{c}. {a,c},{b,c},{a,b,c}}
{0,{c},{b.c},{a,b,c}}
{0.{c} . {a,c},{b,c}}

{{a}, {b}.{a,c},{b,c}}
{0.{b},{a,c}, {b, c}}
10,{a}, {c}. {b,c}}

{@, {c}{a, ¢}, {b,c}, {a,b,c}}
{0.{b},{c}.{b,c} . {a,b,c}}
{0,{b}.{c},{a,c}, {b,c}}
{0, {a}, {0}, {a,c},{b, c}}

a—> Zg, @ — Zp, G — 2,
a—b,a—z4,06— 2., b—=a,b— 2z
a—b,a—c,a— 24, b—a,b— 2z
a—b a—zq,a— 2.,b—a
a—ba—c,a—zq,c—>a
a—ba—>c,a—z24,b—>a,b—c,c—a
a—ba—c,a—24,b—>a,¢c—a
a—b,a—c, b—c
a—b,a—c z.— 2z

a—b, ze = 2

a—ba—>c,b—z4,b—>2p,c—a
Cc— 2

a—zp, b— 2

a—b,a— z.,b— 2z
a—b a—z.,b—a

a—b a—ze,b—>a,¢c— 2z
a—c,b—a,b— 2z

a— 2Ze, b— 2

a— 2y, G — Z¢
a—b,a— ze, 2 = 2p
a—b, b—a,c— 2z,

{0,{b},{c},{a,c}, {b,c},{a,b,c}} a = Zey Ze = 2p
{0,{a},{b},{c}, {a,c},{b,c}, {a,b,c}} | a = 2e, b= 24, 24 = ¢, 2p — @

Table 3: Results of Case Study 2, showing only representatives of their respective isomorphism
classes. The first ten results (separated by the dashed line) realise the same extension sets as in
Case Study 1.

attacks into a given base framework, we define a number of mappings, which we refer to as trans-
formations, that each alter a given framework in a certain manner, and then proceed to combine
these transformations.

The first transformation adds reciprocal attacks between two arguments.

Transformation 1 (Reciprocal attacks). For (A4, R) € §o and a,b € A, we define the mapping

(A, RU{(a,b),(b,a)}), ifa,becA,

b) : R
afa,b) : (A,R) — {(A, R), otherwise,

with the special case

a(a) = afa,a).
The second transformation is a merge operation.

Transformation 2 (Merge). Let (A, R) € Fa, let S C A, and let z € A\ A. We define a replace
operator

z, ifa€s;
rg:A—-A, a—rila) = .
a, otherwise,

which we use in the mapping

u(S,2) : (AR) = ({rg(a) | a € A} {(r§(a), r5(0)) | (a,b) € R}).
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The intuition is that (S, z) merges (possibly disjoint) parts of the framework, eliminating all
arguments in S and replacing them with the single argument z. Attacks to and from S are then
translated to attacks to and from z.

Example 38. Figure 23 illustrates an instance of the merge transformation u.

Figure 23: Applying the transformation p({b,e},z) to the left framework yields the resulting
framework to the right.
The final transformation removes arguments from the framework.

Transformation 3 (Removal). For F'= (A4, R) € Fy and S C A, we define
6(8): F > Flgg-

To ease presentation, we focus on the case in which we attempt to realise undisputed exten-
sion sets containing three arguments a,b,c. Our starting point this time is the framework from
Figure 24, which is not a base framework (its undisputed extension set is {(}).

Figure 24: These three odd cycles serve as starting scenario to which subsequent transformations
are applied.

Case Study 3. We apply the above defined transformations to the framework from Figure 24,
which we call Fy. For the concrete case of the three arguments a,b,c, we identify the follow-
ing building blocks, i.e. single and composed transformations which yield distinctive undisputed
extension sets when applied to Fj:

o G(z42) for z € {a,b, c};
o oz, 2,) for 2,y € {a,b,c} and z # y;
o a(2,y) 0 (zp1) 0 Alzy1) © G(2a2) 0 G(2y2) for (z,1) € {(a,b), (b, ¢), (c,a)};
o 11({2a2, 22}, 2) for (z,y) € {(a,b), (b, ), (c,a)} and a new argument z;

o 6({201, 2a2, 2}) for z € {a,b, c}.

This way we can instantiate 18 concrete building blocks in total, which can then arbitrarily be
combined, so that we arrive at 2'8 = 262144 different possibilities to consider. For each of these
possibilities we compute the resulting framework and its undisputed extension set, and record any
realisations that have not been encountered in Case Studies 1 and 2.
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Result. The ten new construction recipes that were discovered this way are listed in Table 4.
In summary, construction patterns for 35 different isomorphism classes representing extension sets
that contain three arguments were found, ten of which are new constructions that were not realised
in the previous case studies. Adding these to the 26 isomorphism classes that have been previously
realised, we now arrive at realisations for 36 out of the 47 three-argument classes that are of
interest.

Realised extension set Transformations applied to Fj

{0,{a,b,c}} a(b, ze2) o ala, zp2) 0 G(z42)

{{b},{a,b,c}} 6({zp1, 262, 2}) 0 @, 2e2) © A(za2)

{(Z)v {b}v {av ba C}} a(a ZCQ) © a(av zb2) o d<zb2) © OA[(ZaZ)
{0.{a,b},{a,c}t} a(b,c) o d(zp1) © d(ze1) © dz2) © dzez) ©

a(c, zq2) © a(b, z42)

(a,zc2) © a(b, zq2) © G(262) © G(2a2)
{0,{b},{a,c},{a,b,c}} (a, ze2) © &(zp2) © G(242)

{(Z)a {aab}a {a,c}, {aabv C}} a(c ZaZ) © a(b Za?) © d(zd) o @(sz)
{07 {b}7 {C}v {a7b7 C}} E{Zb272027z} ) © a(avzlﬂ) © d(ztﬂ)
a(

Q

{0,{a,c}, {a,b,c}}

e

{(Z)’ {CL}, {b}7 {0}7 {a7 b}7 {a’ 6}7 {b7 C}} {ZaQa Zc2, Z} ) © M({ZGQ’ 2b2, Z}’ Z)
{(Z)’{{a'g’ {}I’)}%v {C}v {a7 b}7 {a’ C}’ {b’ C}, 202) o a(sz) o OA‘(Za2)

Table 4: Results of Case Study 3. With regard to the extension sets we again only list represen-
tatives of their respective isomorphism classes.

4.7 The cycle hub framework

We now examine another base framework, which is inspired from Case Study 3, particularly, from
the merge operator (Transformation 2) applied to multiple odd cycles. First however we want to
name a construction that we have already encountered several times so far.

Definition 26. For a given set of arguments A, the cycle hub framework Fﬁ is constructed as
follows. We start with F' = (A, R) where A=A, R = 0.

1. For each a € A, add the arguments z,, z/, to F, where z,,z, ¢ A are new arguments, and
add the attacks a — z4, 24 — 2., 2, = a. This creates the odd cycles scenario from Figure
24 for an arbitrary set of arguments A.

2. Introduce a new argument zo ¢ A, and apply u({z}, | € A}, z) to F.

Example 39. The left framework of Figure 25 shows the cycle hub framework FAA constructed
for the three arguments A = {a, b, c}.

Proposition 23. For a finite A C 2, ud(FAA) =24\ A.

Proof. For any S C A, (Ff)s consists of a number of interlinked odd cycles around the central

argument zg, and there are obviously no non-empty admissible subsets. For S = A, (FAA)S consists
only of the unchallenged zy and is thus not vacuous. O

With respect to ud and S C 2%, S FS is not a base framework since |JS ¢ ud( US) but
we can easily complete the construction and turn it into a base framework for ud.

Definition 27. Given an extension set S, the cycle hub base framework is obtained as follows.
1. Construct F = (A, R) = US

2. Create a new self-attacking argument z; ¢ A and connect it to F via z3 — 2.
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We refer to the resulting framework as FS“d*.

uds*

Example 40. The right framework in Figure 25 shows Fg
consisting of the three arguments a, b, c.

0 (D)
AL AT/ A
) (o)
TP Oy

Figure 25: The frameworks FAA and Fgd*, for A = {a,b,c} =S.

constructed for an extension set

The construction S — F9* is indeed a base framework.
Proposition 24. For any S C 2%, we have ud(F¢d*) = 2(US),

Proof. Let S € 2US If § C S, (F9*)¥ consists of a number of interlinked odd cycles around
the central argument zj, attacked by the self-attacking z1, and there are obviously no non-empty
admissible subsets. If S = [JS, only zg, 21 remain in the reduct; again, no non-empty subset is
admissible. O

We would like to investigate the expressiveness when using Ft9* as a base framework in a similar

manner as we did in the previous case studies. For the three-argument scenario we considered
before, FS“d* contains eight arguments and 11 attacks; this yields 28 -11-3 _ 1 o 1015 possibilities
to add further attacks, making it unfeasible to compute each single scenario. We resort to a
randomized approach, in the hope that the relevant constructions are scattered densely enough
across the search space.

uds

Case Study 4. We apply attacks randomly to F§°* and compute the resulting extension set under
undisputed semantics, collecting any realisations that we have not previously encountered in Case
Studies 1, 2, and 3.

Result. Five additional realisation schemes have been discovered; representatives of their respective
isomorphism classes are listed in Table 5. All in all, 41 different isomorphism classes were realised,
including all realisations from the previous case studies, making this approach the one with the
highest expressiveness so far.

4.8 Summary of constructions

In Subsections 4.5, 4.6, and 4.7 we attempted to derive construction methods from basic consid-
erations; although our case studies were always limited to the concrete case of three-argument
extension sets, the intention each time was to discover a systematic approach that also allows
generalisations to arbitrary extension sets.

Tables 3, 4, and 5 summarise the construction recipes for three-argument undisputed extension
sets that we have discovered so far. However, there are still extension sets in Y4 that cannot be
realised by our construction methods; for some of these, we give concrete witnessing frameworks
that prove their realisability in Table 6.

Finally, we list representatives of all three-argument extension sets from X4 for which we do
not have a realisation yet, in the open question raised below.
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Realised extension set Attacks, augmenting FS“d*

{0.{a}{a,c},{b,c},{a,b,c}} Ze = Zay Ze = Cy Ze = b, 2y = 2, Za — b,
Za = Cy 2q = b, 2q = a, Zg — 20, b — 24

{0,{a},{b}.,{b,c}{a,b,c}} Za = Zay 20 — 21, 21 — C, Z1 — @, C —> 20,
b— z.

{0.{a},{b},{c}{a,b}{a,b,c}} Ze = Zey Ze — b, 2y — a, 2q = 2, Za — 21,
Zq —> C, 20 — 21,21 — C, 21 —> Ay, C—> Zq,
a —r 20

{0,{a},{a,b},{a,c}{b,c},{a,b,c}} | ze > ¢, ze = b, 2e = a, zp — ¢, zp — b,

2 = Gy Zq = Zey Za —> Zby C = Zaq, b= Zg,
a— 2, 4 — 2p

{0’{0’}?{1)}){@7 b},{a, C},{b, C}, Ze = Zay Za = €, Za = b, 24 = a, b= 2,

{a,b,c}}

Table 5: Results from Case Study 4, showing only representatives of their respective isomorphism
classes.

Extension set Framework

{0,{a},{0}.{c},{a,b,c}} | ({a,b,c, 21,22, 23, 24, 25},

{(25, 23), (25,b), (25, 22), (a, 25), (a, 23), (24, 25),
(24323)7(24322)7(23; ) ( )7(b 24)7(22 )
(ZQaC)v(Zlaa)v(Zlazl) ( )7(6’25) (C’Z )})

{0,{a},{b}.{a,b} {a,c}, | ({a,b,c, 21,29, 23,24},

{b7 C}}’ {(Z47 b)? (245 22)7 (CL, 24)’ (237 a)’ (Z3’ C), (23, Z2)v
(b’ Z3)7 (C’ Zl)7 (ZQ, a)7 (Z27 b)7 (ZQ’ C)v (Z17 24)7
(21,22)})

{(Z),{a},{b},{a, C}a{b’ C}’ ({a> b, c, 21, 22, 23, Z4}>

{av bv C}} {(247 b)v (247 C)v (av 24)7 (23» 24)7 (237 Z1)7 (bv Zl)7
(22,a), (22,b), (22, 22), (¢, 23), (21, a), (21,0) })

Table 6: Witnessing frameworks of some undisputed three-argument extension sets that were not
realised by the constructions from Sections 4.5, 4.6, and 4.7.

Open Question 1. Are any of the following extension sets realisable by undisputed semantics,
and what are their witnessing frameworks?

{0,{a,b},{a,c},{b,c}},

{0,{a},{a,b},{a,c},{b, c}},

{®7 {a’7 b}7 {a’ C}’ {b’ C}’ {a7 b7 C}}'
4.9 A general solution for a special case

The final idea that we present in this section is a construction that is applicable to a wide range of
non-admissible semantics, namely undisputed, strongly undisputed and weakly preferred semantics;
its downside is that it works only for a limited set of cases, which are characterised as follows.

Definition 28. A set of sets S C 2% is uniquely indezed if it is non-empty, and
VSeS:JdaeS:VS €S (ael = S=9).
For every such S and a, we say that a is a unique index of S.

Neither admissible nor weakly admissible semantics can realise uniquely indexed extension sets.

Corollary 2. If S C 2% is uniquely indexed, then ) ¢ S. O
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We can show however that uniquely indexed extension sets exhibit the necessary required
properties to be realised under ud, sud, and wpr.

Proposition 25. Every uniquely indexed S C 2% is incomparable.
Proof. The unique indices of any S7,S2 € S prohibit S; C Ss if S; # Ss. O
Proposition 26. No uniquely indexed S C 2% is disjointly supported.

Proof. It S = {S}, then S # () and (S = S # (. Otherwise, every two sets S1,S2 € S (S7 # S2)
are in evident conflict because of the unique indices they contain. O

Proposition 27. No uniquely indexed S C 2% is a distinct pairing.
Proof. For S,5" € S with S # S’, we have SUS’ ¢ S. O

Uniquely indexed extension sets are then realised under undisputed, strongly undisputed and
weakly preferred semantics by Algorithm 1, which works as follows. First, mutual attacks are
constructed between all unique indices. The remaining arguments are arranged in odd cycles;
the unique indices then attack exactly those cycles whose arguments belong to their respective
extensions. We call the resulting framework the canonical uniquely indexed framework.

Algorithm 1 Realise uniquely indexed extension sets.

Input: A uniquely indexed S = {Si,...,S,} C 2% (n >1).
1: let s; be a unique index of S; for i € {1,...,n}.

2: let SF=5;\ {s;} forie{l,...,n}.

3: let A= {s1,....8.}, R={(ss,s5) | 4,7 €{1,...,n},i #j}.

4: for all a € |, S do > Construct cycles.

5 let 2,25 € A\ A.

6: A — AU{z], 25},

7

8

9

R« RU{(:4,0), (0, 28), (4, 20)}.

: end for

: for allie{1,...,n} do > Connect the cycles with the unique indices.
10: for all a € 57 do
11: R < RU{(s4,2])}.
12: end for
13: end for
Output: (A4, R).

Example 41. Figure 26 shows the resulting construction of Algorithm 1, applied to the input
S ={{a,d},{b,d, e}, {c, f}}. The unique indices are a, b, and c.

Finally we show that the construction indeed produces the promised results.

Proposition 28. For any uniquely indexed S C 2%, let F be the canonical uniquely indexed
framework. We have S = ud(F') = sud(F') = wpr(F).

Proof. Let S = {S1,...,S,}, and let s; be a unique index of each S;. We need to prove both of
the following inclusions.

e “C”: For any S;, no indices s; remain in the reduct F**i, and the odd cycles are either
completely eliminated because they contain an argument s € .S; and are thus also attacked by
s;, or they are left intact and contain no non-empty, admissible subset; so we have S; € ud(F).
The odd cycles can not contain an undisputed subset either, so we have S; € sud(F') as well.
Lastly, none of the remaining odd cycles attack any arguments of S; in F, so S; € wadm(F);
no superset S’ 2 S; can be admissible in F, since in the reduct FS/, there would be attackers
2§ — a for each a € §"\ S;, so S; € wpr(F).
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Figure 26: The canonical uniquely indexed framework, constructed for the set of argument-sets

S = {{a’d}7 {b7 dve}v {Ca f}}

e “D7: Every S € ud(F) contains exactly one index s;: if it contained none, then one of
the s; would be invariably part of the admissible extensions of the reduct with respect to
S, since the s; are not attacked from any other structures in F; S can not contain more
than one s; however, since that would introduce a conflict. Now consider the odd cycles
that are not attacked by s;: none of the arguments can be included in S, because the
resulting reduct would contain non-empty admissible sets. In fact, the only possibility for a
vacuous reduct is when all arguments are included in S which are contained in cycles that
are attacked by s;. Because of adm(F®) C ud(F*), we can make an analogous argument for
sud. Going further, the indices are uniquely included in each S € wadm(F') because they
are individually admissible, and their attacks break the corresponding odd cycles, making
their contained arguments eligible for inclusion in S. Proposition 25 then allows the weakly
preferred extensions to be realised. O

5 Discussion

We set out to explore the expressive power of various non-admissible semantics, in particular the
weakly admissible, weakly preferred, undisputed, and strongly undisputed semantics. Comparing
the signatures of weakly admissible and weakly preferred semantics to their classical counterparts,
we found that, while they are not necessarily conflict-sensitive, they still retain the properties of
non-emptiness (respectively, inclusion of the empty set) and, in the case of the weakly preferred
semantics, incomparability. We then introduced the notions of disjointly supported extension sets
as well as distinct pairings, and showed that the these classes of extension sets are unrealisable
by the undisputed semantics. We estimated characterisations of the signatures of these semantics,
which can be turned into precise characterisations if construction methods can be specified that
realise extension sets under the respective semantics. In the search for such novel construction
methods we orientated ourselves on the construction methods used in the classical cases. We
identified four key features of classical constructions: the separation of extensions (i.e., the cir-
cumstance that the union of two extensions is not itself an extension); the suppression of auxiliary
arguments introduced specifically for the construction so that they do not appear in the extensions;
the presence of base frameworks; and the elimination of unwanted extensions as a result of a filter.
While transferring these features to non-admissible cases, we found that different mechanisms for
separating extensions were at work than in the classical scenarios, where the separation of exten-
sions is always a consequence of evident conflict. We formalised these mechanisms and derived
some necessary constructive properties of realising frameworks. We applied combinations of base
frameworks and filters to examples, where we found that, while the combination of these concepts
appears to have great expressive power, the resulting constructions themselves did not appear to be
particularly comprehensible. In order to gain an understanding of possible construction patterns
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that realise non-admissible extension sets, we conducted a number of case studies that explored
approaches of varying complexity; but even the large amount of constructions we obtained as a
result did not appear to provide us with a comprehensive design idea, let alone a blueprint for a
generic construction algorithm—we may marvel at the ingenuity of concrete realisations but fail
to extract an underlying design principle. At least, however, we were able to present a solution for
the special case of uniquely indexed extension sets, which proved to be applicable to undisputed,
strongly undisputed, and weakly preferred semantics at the same time.

We briefly discuss some related works. We already mentioned the principle-based approach of
Van Der Torre and Vesic [22] that evaluates semantics according to certain principles that they
may satisfy; these principles typically relate structural features of the framework to properties
of the extension set (the exceptions being the principles of I-mazimality,'? tightness, conflict-
sensitivity, and com-closure, which we also considered), while we are only interested in properties
of the extension set itself. We also mentioned the work of Dvoidk and Woltran [15] as well as
Dvorék and Spanring [13], who compare the expressiveness of semantics in terms of translatability
of frameworks, but do not characterise semantics based on their signatures. Dyrkolbotn [16]
constructs frameworks under labelling-based semantics with the help of auxiliary arguments and
shows that, for the original arguments, arbitrary labellings can be realised under preferred and
semi-stable!® semantics (this does not contradict the results of Dunne et al. [12] that we build
upon, since they also take into account the acceptability status of auxiliary arguments). Piihrer
[19] generalises the formalism from argumentation frameworks to abstract dialectical frameworks!?
and gives realisations of three-valued interpretations under certain classical semantics. Linsbichler,
Piihrer, and Strass [18] devise an algorithm that realises knowledge bases under a number of
formalisms and semantics; so far, their implementation as well has been limited to several classical
semantics. The question of expressiveness is also, in practical applications, typically linked to
computational complexity; a representation is of little use if certain “canonical” problems, such as
existence, credulous and sceptical acceptance, and verification [11] cannot be efficiently computed
[20, 11].

To the best of our knowledge, no attempt in the way of the approach of Dunne et al. [12]
to characterise non-admissible semantics in terms of their signatures has been carried out before.
Our estimated characterisation of undisputed extension sets as non-empty and neither disjointly
supported nor distinct pairings was prompted by our case studies, which hinted at possible non-
realisable patterns; it should be instructive to conduct analogous studies for other non-admissible
semantics and see whether the results provide indications that allow further refinements of our
estimates. Perhaps an attempt to adapt the framework by Linsbichler, Piihrer, and Strass [18] to
deal with semantics that are of interest to us may shed more light on the fundamental reasons of
the peculiar resistance that non-admissible semantics put up against their systematic realisation.
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