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Abstract

We discuss the issue of evaluating inconsistency measures along the
three dimensions of rationality postulates, expressivity, and computa-
tional complexity. We survey a broad selection on inconsistency measures
and evaluate their performance on these three dimensions.

1 Introduction

In classical logic, the notion of inconsistency is a binary concept. Either a
formula (or a set of formulas) is inconsistent or not. However, quantifying
inconsistency is an important challenge for logical accounts to knowledge rep-
resentation as differences in the severity of inconsistency may indeed be recog-
nised for certain types of applications. Consider the following two classical
logic knowledge bases

K1 ={a,—a,b, b} Ko ={=b,a,a — b, c}

Both Ky and Ky are classically inconsistent, i. e., there is no interpretation satis-
fying any of them. But looking closer into the structure of the knowledge bases
one can identify differences in the severity of the inconsistency. In Ky there are
two apparent contradictions, i.e., {a,—a} and {b, b} are directly conflicting
formulas. In ICy, the conflict is a bit more hidden. Here, three formulas are
necessary to produce a contradiction ({—b,a,a — b}). Moreover, there is one
formula in /Co (¢), which is not participating in any conflict and one could still
infer meaningful information from this by relying on e.g. paraconsistent rea-
soning techniques [5]. In conclusion, one should regard K1 as more inconsistent
than ’CQ.

The analysis of the severity of inconsistency in the knowledge bases Ky
and /Cy above was informal. Formal accounts to the problem of assessing the
severity of inconsistency are given by inconsistency measures and there have
been a lot of proposals of those in recent years (see the other chapters in this
volume and the measures reviewed in Section 3). Up to today, the concept of



severity of inconsistency has not been axiomatized in a satisfactory manner
and the series of different inconsistency measures approach this challenge from
different points of view and focus on different aspects on what constitutes
severity. Consider the next two knowledge bases

K3 ={a,—a,b} Kys={aVb,-aVbaV-b-aV-b}

Again both K3 and K4 are inconsistent, but which one is more inconsistent
than the other? Our reasoning from above cannot be applied here in the same
fashion. The knowledge base K3 contains an apparent contradiction ({a, -a})
but also a formula not participating in the inconsistency ({¢}). The knowl-
edge base Ky contains a “hidden” conflict as four formulas are necessary to
produce a contradiction, but all formulas of K4 are participating in this. In
this case, it is not clear how to quantitatively assess the inconsistency of these
knowledge bases and different measures may order these knowledge bases differ-
ently. More generally speaking, it is not universally agreed upon which so-called
rationality postulates should be satisfied by a reasonable account of inconsis-
tency measurement, see [3] for a discussion. Besides concrete approaches to
inconsistency measurement the community has also proposed a series of those
rationality postulates in order to describe general desirable behaviour and the
classification of inconsistency measures by the postulates they satisfy is still
one the most important ways to evaluate the quality of a measure, even if the
set of desirable postulates is not universally accepted. For example, one of the
most popular rationality postulates is monotonicity which states that for any
K C K', the knowledge base K cannot be regarded as more inconsistent as X’.
The justification for this demand is that inconsistency cannot be resolved when
adding new information but only increased. While this is usually regarded as a
reasonable demand there are also situations where monotonicity may be seen
as counterintuitive. Consider the next two knowledge bases

Ks = {a,—a} Ke = {a,—a,by, ..., boos}

We have K5 C K4 and following monotonicity, K¢ should be regarded as least
as inconsistent as Ks. However, when judging the content of the knowledge
bases in a “relative” manner, 5 may seem more inconsistent. More precisely,
K5 contains no useful information and all formulas of K5 are in conflict with
another formula. In g, however, only 2 out of 1000 formulas are participating
in the contradiction. So it may also be a reasonable point of view to judge K5
more inconsistent than Kg.

In this chapter, we will not give a final answer to the discussion on which
rationality postulate is desirable or not. We will, however, provide a compre-
hensive overview of the existing rationality postulates and the compliance of
different measures wrt. those, continuing work from [41]. It is up to the reader
and future work to conclude said discussion. Besides satisfaction of rationality



postulates we will address two more “objective” evaluation metrics, namely ez-
pressivity [38] and computational complexity [44, 43]. The former refers to the
ability of an inconsistency measure to differentiate many levels of the severity
of inconsistency. Consider the following family of knowledge bases

K%:{al,—'al} K%z{ah—'al,ag,—'ag} K2 =Aa1,-aq, ... an, nan}

Each knowledge base lCéJrl contains one more apparent contradiction than K%,
so it is reasonable to assess Kit! as strictly more inconsistent than K. Fol-
lowing [38] we will present a formal framework for assessing the expressivity
of inconsistency measures and provide a comprehensive overview of the ex-
pressivity of different measures. Finally, we will consider the computational
complexity involved in computing the value of an inconsistency measure, fol-
lowing [44, 43]. As detecting inconsistency alone is an intractable problem, we
cannot hope to determine inconsistency values in an efficient manner. However,
inconsistency measures can be classified into different levels of the polynomial
hierarchy and thus algorithms determining them may exhibit significant differ-
ences in performance. As before, we provide a comprehensive overview of the
computational complexity landscape of different measures as well.

This chapter summarises the works [38, 41, 44, 43] and complements their
results by additionally considering more recent approaches to inconsistency
measurement. The rest of this chapter is organised as follows. In Section 2
we present necessary preliminaries on propositional logic and we review our
selection of inconsistency measures to be studied in Section 3. In Sections 4, 5,
and 6 presents the evaluation measures of rationality postulates, expressivity,
and computational complexity, respectively. We conclude in Section 7. Ap-
pendix 7 contains proofs of new technical results.

2 Preliminaries

Let At be some fixed propositional signature, i.e., a (possibly infinite) set of
propositions, and let L£(At) be the corresponding propositional language con-
structed using the usual connectives A (conjunction), V (disjunction), — (impli-
cation), and — (negation). A literal is a proposition p or a negated proposition
=p.

Definition 1. A knowledge base K is a finite set of formulas K C L(At). Let
K be the set of all knowledge bases.

A clause is a disjunction of literals. A formula is in conjunctive normal form
(CNF) if the formula is a conjunction of clauses. If X is a formula or a set of
formulas we write At(X) to denote the set of propositions appearing in X. For

aset S={¢1,...,0ntlet AS =01 A... A\ by.



Semantics for a propositional language is given by interpretations where an
interpretation w on At is a function w : At — {true, false}. Let Q(At) denote the
set of all interpretations for At. An interpretation w satisfies (or is a model of)
an atom a € At, denoted by w |= a, if and only if w(a) = true. The satisfaction
relation |= is extended to formulas in the usual way.

For ® C L(At) we also define w = ® if and only if w |= ¢ for every ¢ € ®.
Define furthermore the set of models Mod(X) = {w € Q(At) | w E X} for
every formula or set of formulas X. Two formulas or sets of formulas X, X5
are equivalent, denoted by X; = Xs, if and only if Mod(X;) = Mod(X5).
Furthermore, two sets of formulas X;, Xs are semi-extensionally equivalent
[36, 37]—or bijection equivalent [10]—if and only if there is a bijection s :
X1 — X such that for all @« € X; we have a = s(«) . We denote this by
X1 =p Xo. If Mod(X) = 0 we also write X =1 and say that X is inconsistent.

3 Inconsistency Measures

Let R, be the set of non-negative real values including co. Inconsistency
measures are functions Z : K — R, that aim at assessing the severity of
inconsistency in a knowledge base K, cf. [10]. The basic idea is that the
larger the inconsistency in K the larger the value Z(K). Formally, we define
inconsistency measures as follows, cf. e. g. [15].

Definition 2. An inconsistency measure 7 is any function Z : K — RZ,.

There is a wide variety of inconsistency measures in the literature. In this
work, we select 22 inconsistency measures in order to discuss issues pertain-
ing to their evaluation. We briefly introduce these measures in this section
for the sake of completeness, but we refer for a detailed explanation to the
corresponding original papers.’

The measure Z;(K) is usually referred to as a baseline for inconsistency
measures as it only distinguishes between consistent and inconsistent knowledge
bases.

Definition 3 ([15]). The drastic inconsistency measure Z; : K — R is
defined as -

1 #KEL
Za(K) = { 0 otherwise
for £ € K.

A set M C K is called a minimal inconsistent subset (MI) of K if M =1
and there is no M’ € M with M’ =1. Let MI(K) be the set of all Mls of K.

Implementations of these measures can also be found in the Tweety Libraries for Artificial
Intelligence [42] and an online interface is available at http://tweetyproject.org/w/incmes



Definition 4 ([15]). The Ml-inconsistency measure Iy : K — R is defined
as

Iwi(K) = [MI(K)|
for K € K.

Definition 5 ([15]). The MI®-inconsistency measure Ty : K — RS is defined
as

1
Twe(K) = > 1]
MEMI(K)
for K € K.

A probability function P on L(At) is a function P : Q(At) — [0,1] with
ZwEQ(At) P(w) = 1. We extend P to assign a probability to any formula
¢ € L(At) by defining

P(¢) =Y P)
wEd
Let P(At) be the set of all those probability functions.

Definition 6 ([22]). The n-inconsistency measure I, : K — RS, is defined as
Z,(K) =1—-max{¢ | 3P € P(At) : Va € K : P(a) > &}
for £ € K.

A three-valued interpretation v on At is a function v : At — {T, F, B} where
the values T and F' correspond to the classical true and false, respectively. The
additional truth value B stands for both and is meant to represent a conflicting
truth value for a proposition. The function v is extended to arbitrary formulas
as shown in Table 1. An interpretation v satisfies a formula «, denoted by
v B3 a if either v(a) = T or v(a) = B. Inconsistency can be measured by
seeking an interpretation v that assigns B to a minimal number of propositions.

Definition 7 ([10]). The contension inconsistency measure I, : K — RZ is
defined as -

T,(K) = min{ o™ (B)| | v =* K}
for K € K.
Let MC(K) be the set of maximal consistent subsets of K, i.e.
MC(K) ={K' CK|K ELAVK" DK : K" =1}
Furthermore, let SC(K) be the set of self-contradictory formulas of K, i.e.
SCK)={peKk|o L}
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Table 1: Truth tables for propositional three-valued logic.

Definition 8 ([10]). The MC-inconsistency measure L. : K — R is defined
as

Tine(K) = [MC(K)| + [SC(K)| — 1
for £ € K.

Definition 9 ([10]). The problematic inconsistency measure I, : K — R is
defined as

L= J M

MEeMI(K)
for £ € K.

A subset H C Q(At) is called a hitting set of K if for every ¢ € K there is
w € H with w = ¢.

Definition 10 ([39]). The hitting-set inconsistency measure I, : K — RZ} is
defined as -

Ths(K) = min{|H| | H is a hitting set of L} — 1
for K € K with min{) = oo.

An interpretation distance d is a function d : Q(At) x Q(At) — [0, 00) that
satisfies (let w,w’,w” € Q(At))

1. d(w,w’) =0 if and only if w = w’ (reflexivity),
2. d(w,w') = d(w',w) (symmetry), and

3. d(w,w"”) < d(w,w’) + d(w',w") (triangle inequality).



One prominent example of such a distance is the Dalal distance dgq defined via
da(w,w’) = [{a € At | w(a) # w'(a)}]

for all w,w’ € Q(At). If X C Q(At) is a set of interpretations we define
dq(X,w) = mingrex dg(w’,w) (if X = () we define dq(X,w) = o0). For def-
initions 11, 12, and 13 below we assume dq fixed but the measures could be
defined using arbitrary distances.

Definition 11 ([12]). The X-distance inconsistency measure I3, : K — R,
is defined as B

T3 (K) = min { 3" da(Mod(a),w) | w € Q(At)}

acel
for K € K.

Definition 12 ([12]). The max-distance inconsistency measure I35 : K —
RYY is defined as

BEI(K) = min {mg’%(dd(Mod(a),w) |w e Q(At)}

for £ e K.

Definition 13 ([12]). The hit-distance inconsistency measure I3, : K — R,
is defined as

I3 (K) = min {[{a € K | da(Mod(a),w) > 0}| | w € Q(At)}
for K e K.
For K € K define
MID(K) = {M € MI(K) | |]M| =i}
CNO(Ky={CCK||C|=iAC L}

0 if [MID ()| + [CND(K)] = 0

Ri(K) = (@) (@) (@) -
MY (IO)|/(IMIY(K0)| + [CNY(K)|)  otherwise

fori=1,...,|K|.

Definition 14 ([31]). The D-inconsistency measure Ip, : K — R, is defined
as

Ip,(K) =1- 15 (1 - Ri(K)/i)
for £ € K.



A minimal proof for o € {z,—~x | z € At} in K is a set # C K such that
1. « appears as a literal in w
2. 7 a, and
3. 7 is minimal wrt. set inclusion.
Let PX(z) be the set of all minimal proofs of x in K.

Definition 15 ([21]). The proof-based inconsistency measure Zp,, : K — RZ,
is defined as -

Zp, (K) =Y [Px(a)] - | Py (-a)l
a€At

for K € K.

Definition 16 ([46]). The mv inconsistency measure Ly, : K — R, is defined
as

_ | Unremige) At(M))|
T () = =R 0]

for £ € K.

Definition 17 ([7]). The nc-inconsistency measure Ly : K — R is defined
as

Zo(K) = |K| —max{n |VK' CK: |[K'| =n= K £L}
for K e K.

The work [40] considers different families of inconsistency measures based
fuz,>

d? Ttmin

on many-valued logics. We focus here on the three instantiations I{Ei

fuz,> .
Lo based on Fuzzy logic.

A fuzzy product interpretation w is a function w : L(At) — [0, 1] satisfying
wa) =1 —-wla), wlaA B) = wla)w(p), and w(a V §) = w(a) + w(p) —
w(@)w(B). A fuzzy minimum interpretation w is a function w : L(At) — [0,1]
satisfying w(—a) = 1 — w(a), w(a A f) = min(w(a),w(B)), and w(a V B) =
max(w(a),w(B)). Let Qproa and Qpin be the sets of all fuzzy product interpre-
tations and fuzzy minimum interpretations, respectively.

Definition 18 ([40]). The product fuzzy inconsistency measure Zf* is defined
prod
as

Ifuz (IC) — mm{l — w(/\ ]C) ‘ w € Qprod}

tprod

for £ € K.



fuz,>
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Definition 19 ([40]). The minimum-sum fuzzy inconsistency measure 7,
is defined as

7" (K) = min{ Y " (1 — w(@)) | w € Qunin}

acll
for K € K.

Definition 20 ([40]). The product-sum fuzzy inconsistency measure If;lzodz is
defined as

T (K) = min{ Y (1 — w(a)) | w € Qproa}

aell
for £ € K.

Note that we do not consider the minimum fuzzy inconsistency measure,
i.e., the variant of Definition 18 with minimum product interpretation, as this
is equivalent to Z, [40].

A set of maximal consistent subsets C C MC(K) is called an MC-cover if

Uc=xk

cec

An MC-cover C is normal if no proper subset of C is an MC-cover. A normal
MC-cover is maximal if

AC) =1l

ceC
is maximal for all normal MC-covers.

Definition 21 ([1]). The MCSC inconsistency measure Lyese : K — RS is
defined as

for all £ € K and any maximal MC-cover C. If there is no maximal MC-cover
we define Zy,¢5.(K) = |K|.

Note that the case of the non-existence of a (maximal) MC-cover happens
when K contains an inconsistent formula such as a A —a. This special case was
only implicit in [1].

For a formula ¢ let ¢lay,i1 — ¥1;...,ak, ik — x| denote the formula ¢
where the 7;th occurrence of the proposition a; is replaced by the formula v,
forall j =1,...,k. For example,

(aANbV (maAD))a,2— T;b,1 =51] = (an L V(=T AD))



Definition 22 ([4]?). The forgetting-based inconsistency measure Lorget : K —
R is defined as

Iforget(lC) = mln{k | (/\ K)[al,il — (]51; ey ak,ik — ¢k] F’EJ_, ¢j S {L, T}}
for all £ € K.

A set {Ky,...,K,} of pairwise disjoint subsets of K is called a conditional
independent MUS partition of I, iff each K is inconsistent and MI(K;U. . .UK},)
is the disjoint union of all MI(K;).

Definition 23 ([18]). The CC inconsistency measure Zcc : K — R, is
defined as -

Zeo(K) = max{n | {Ki,..., K,} is a conditional independent MUS partition of K}

for all K € K.

Definition 24 ([17]). The independent set-based inconsistency measure Lis :
K — Ry is defined as

Zis(K) =In [{ K C MI(K) | K consists of pairwise disjoint subsets}|
for all £ € K.

Note that [17] did not explicitly define the basis of the logarithm used in
the previous definition. As the exact choice only changes the scaling behaviour
of the measure, we make it explicit and use the natural logarithm.

The formal definitions of the considered inconsistency measures are sum-
marised in Figure 1.

We conclude this section with a small example illustrating the behavior of
the considered inconsistency measures.

Example 1. Let g and g be given as

Ks ={a,bVc,—a N -b,d} Ky = {a,—a,b, b}
Then
Za(Kg) =1 Ta(Ko) =1
Imi(Ks) =1 Iwi(Kg) = 2
Tyic (Ks) = 1/2 Iwic(Kg) =1
T,(Ks) = 1/2 T, (ko) = 1/2
Z.(Kg) =1 Z.(Kg) =2

2Note that we give a slightly different but equivalent formalization.



(1 ifKEL
Za(K) _{ 0 otherwise

Imi(K) = IMI(K)]
Iwic(K) = Z ﬁ

M eMI(K)

Z,(K) =1 —max{¢ | 3P € P(At) :Va € K: P(a) > £}
Z.(K) = min{lv™ " (B)| | v E* K}
Ime(K) = [MC(K)| + [SC(K)[ - 1
LK =1 U M

M eMI(K)

Zrns(K) = min{|H| | H is a hitting set of £} — 1

Ziaa(K) = min{ ) da(Mod(a),w) | w € Q(At)}
ael

Tamm(K) = min{ma))cc da(Mod(a),w) | w € Q(At)}
[e1S

Zada(K) = min{|{a € K | da(Mod(),w) > 0}| | w € Q(At)}

Ip,(K) =1-TI (1 - Ri(K)/i)
Ip,, (K) = > |Pr(a)| - | P (-a)l
aEAt
N Unremige At (M)
Ere 00 =

Tne(K) = K| —max{n |VK' CK:|K'|=n=K EL1}
7 (K) = min{1 — w( /\/c ) | w € Qproa}

prod

If':nzmz K) = mln{z (1-w(@)|w € Umin}
ael

I,f;zof = mln{z (1 —w(®) | w € Qproa}
ael

Lmese(K) = K] = A(C)
Tiorger(K) = min{k | (/\ K)[ar,i1 = ¢15.. 5 an,ix — ¢u] L, ¢; € {1, T}}
Zce(K) = max{n | {K1,..., Ky} is a CI partition of K}

) =

Zis(K) = In |[{K C MI(K) | K consists of pairwise disjoint subsets}|

Figure 1: Definitions of the considered inconsistency measures




Ks

Tne(Ks) =1 Tine(Ko) =3
Z,(Ks) =2 Iy (Ky) =4
Ths(Ks) =1 Ths(Ky) =1
T (Ks) =1 Tina(Ko) =2
dalal (Ks) =1 datal (o) =1
I (Ks) =1 I (Ko) =2
Ip, (Ks) ~ 0.083 Ip, (Kg) ~ 0.167
Ip, (Ks)=1 Ip, (Kg) =2
Tino(Ks) = 1/2 o (Ko) = 1
Zne(Ks) =3 Zne(Kg) =3
i (Ks) =0.75 ;" (Ko) = 0.9375
o (Ks) = 1 e (Kg) = 2
e (Ks) =1 e (KCo) =2
(Ks) =2 (Ko) =4
(Ks) =1 (Ky) =2
(Ks) =1 (Ko) =2
(Ks) ~0 (Ko) =1

.693 Tis (Ko
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4 Rationality Postulates

In the following, we recall 18 rationality postulates that have been proposed
in the literature [14, 35, 16, 31, 30, 37, 3]. A previous survey of rationality
postulates can be found in [41].

The first set of rationality postulates has been proposed in [14] in order to
provide a definition of a basic inconsistency measure. In order to state these
postulates we need one further definition.

Definition 25. A formula « € K is called a free formula if o ¢ |JMI(K). Let
Free(K) be the set of all free formulas of K.

In other words, a free formula is basically a formula that is not directly
participating in any derivation of a contradiction. Using this definition and
the concepts already introduced before, the first five rationality postulates of
[14] can be stated as follows. For the remainder of this section, let Z be any
function 7 : K — R, £, K’ € K, and «, 5 € L(At).

Consistency (CO) Z(K) = 0 if and only if K is consistent

Normalization (NO) 0 <Z(K) <1



Monotony (MO) If X C K’ then Z(K) < Z(K')

FPree-formula independence (IN) If a € Free(K) then
I(K) = (K \ {a})

Dominance (DO) If o L and a = 8 then Z(K U {a}) > Z(K U {S})

The first postulate, CO, requires that consistent knowledge bases receive the
minimal inconsistency value zero and every inconsistent knowledge base have
a strictly positive inconsistency value. This postulate is actually the only gen-
erally accepted postulate and describes the minimal requirement for an in-
consistency measure. An inconsistency measure Z that satisfies CO does not
distinguish between consistent knowledge bases and can, at least, distinguish
inconsistent knowledge bases from consistent ones.

The postulate NO states that the inconsistency value is always in the unit
interval, thus allowing inconsistency values to be comparable even if knowledge
bases are of different sizes. In later works, this postulate is usually regarded
as an optional feature, because many measures tend to assess inconsistency
absolutely and not relatively. The distinction between these two points of view
was already made in [9], but a thorough investigation of the implications for
taking either view on the validity of other postulates has still to be made.

MO requires that adding formulas to the knowledge base cannot decrease
the inconsistency value. Besides CO this is the least disputed postulate and
most inconsistency measures do satisfy it (see below).

IN states that removing free formulas from the knowledge base should not
change the inconsistency value. The motivation here is that free formulas do
not participate in inconsistencies and should not contribute to having a certain
inconsistency value.

DO says that substituting a consistent formula o by a weaker formula
should not increase the inconsistency value. Here, as ( carries less information
than a there should be less opportunities for inconsistencies to occur.?

The set of postulates was extended in [35] for the case of inconsistency
measurement in probabilistic logics. However, we can state these postulates
also for propositional logic.

Definition 26. A formula « € K is called a safe formula if it is consistent and
At(a) NAL(K\ {a}) = 0. Let Safe(K) be the set of all safe formulas of K.

A formula is safe if its signature is disjoint from the signature of the rest
of the knowledge base, cf. the concept of language splitting in belief revision
[34, 24]. Every safe formula is also a free formula [35].

3A weaker version of DO has also been discussed in [2, 6]. In this version the additional
condition o ¢ K is added to the postulate. The special case o € K is usually the reason that
measures do not satisfy the original version of DO; we leave a thorough study of this weaker
version for future work.



Safe-formula independence (SI) If o € Safe(K) then
I(K) = (K \ {a})

Super-Additivity (SA) KX NK' =0 then ZIKUK') > Z(K) + Z(K')
Penalty (PY) If a ¢ Free(K) then Z(K) > Z(K \ {a})

The postulate Sl requires that removing isolated formulas from a knowledge
base cannot change the inconsistency value. This postulate is a weakening of
IN, i.e., if a measure Z satisfies IN it also satisfies Sl cf. [35, 41] and Theorem 1.

SA is a strengthening of MO [35] and requires that the sum of the inconsis-
tency values of two disjoint knowledge bases not be larger than the inconsis-
tency value of the joint knowledge base.

PY is the complementary postulate to IN and states that adding a formula
participating in an inconsistency must have a positive impact on the inconsis-
tency value.

The following two postulates have been first used in [16]:

Ml-separability (M1) If MI(KUK') = MI(K)UMI(K’) and MI(K)AMI(K") = 0
then Z(K UK') = Z(K) + Z(K')

Ml-normalization (MN) If M € MI(K) then Z(M) =1

MI focuses particularly on the role of minimal inconsistent subsets in the deter-
mination of the inconsistency value. It states that the sum of the inconsistency
values of two knowledge bases that have “non-interfering” sets of minimal in-
consistent subsets should be the same as the inconsistency value of their union.

MN demands that a minimal inconsistent subset is the atomic unit for mea-
suring inconsistency by requiring that the inconsistency value of any minimal
inconsistent subset be one.

The following postulates have been proposed in [30] to further define the
role of minimal inconsistent subsets in measuring inconsistency*:

Attenuation (AT) M,M’' € MI(K) and |M| > |M'| implies Z(M) < Z(M')

Equal Conflict (EC) M,M' € MI(K) and |M| = |M’| implies Z(M) =
(M)

Almost Consistency (AC) Let My, Ms, ... be a sequence of minimal incon-
sistent sets M; with lim;_, |M;| = oo, then lim;_, . Z(M;) =0

4Note that in the previous study on compliance of rationality postulates [41] the postulates
AT and EC were stated in a slightly different way, we give here the original definitions.



The postulate AT states that minimal inconsistent sets of smaller size should
have a larger inconsistency value. The motivation of this postulate stems from
the lottery paradoz® [25).

The postulate EC is the counterpart of AT and requires minimal inconsistent
subsets of the same size to have the same inconsistency value.

AC considers the inconsistency values on arbitrarily large minimal inconsis-
tent subsets in the limit and requires this to be zero.

The following postulates are from [31].

Contradiction (CD) Z(K) =1if and only if for all ) K’ C K, K’ =L
Free Formula Dilution (FD) If o € Free(K) then Z(K) > Z(K \ {a})

CD is meant as an extension of NO and states that a knowledge base is maxi-
mally inconsistent if all non-empty subsets are inconsistent. Note that CD only
makes sense if NO is satisfied as well. FD has been introduced to serve as a
weaker version of IN for normalised measures, i. e., measures satisfying NO. For
those, it may be the case that adding free formulas decreases the inconsistency
value as they measure a “relative” amount of inconsistency. We do not con-
sider here the property Monotony w.r.t. Conflict Ratio from [31] as it is too
specifically tailored for the measure Zp,.

The following property has been mentioned independently in [36] and [10]:

Irrelevance of Syntax (SY) If K =, K’ then Z(K) = Z(K')

SY states that knowledge bases with pairwise equivalent formulas should receive
the same inconsistency value.

In [3] a series of further postulates have been discussed. For our current
study, we only consider the following two:

Exchange (EX) If K' L and K' = K" then ZIKUK') = Z(K UK")
Adjunction Invariance (Al) Z(KU{a,B}) =Z(KU{a A S})

EX is similar in spirit to SY and demands that exchanging consistent parts of
the knowledge base with equivalent ones should not change the inconsistency
value.

Al demands that the set notation of knowledge bases should be equivalent
to the conjunction of its formulas in terms of inconsistency values. In difference
to EX note that Al has no precondition on the consistency of the considered
formulas.

5Consider a lottery of n tickets and let a; be the proposition that ticket i, i = 1,...,n
will win. It is known that exactly one ticket will win (a1 V...V an) but each ticket owner
assumes that his ticket will not win (—a;, ¢ = 1,...,n). For n = 1000 it is reasonable for
each ticket owner to believe that he will not win but for e. g., n = 2 it is not. Therefore larger
minimal inconsistent subsets can be regarded less inconsistent than smaller ones.



Note that not all postulates are independent and that some are incompat-
ible. Some relationships are summarised in the following theorem, see [41] for
proofs of items 1-8, [2] for proofs of items 9 and 10, proofs of items 11 and 12
are trivial and omitted. In the theorem, a statement “A implies B” is meant
to be read as “if a measure satisfies A then it satisfies B”; a statement “Aj,
..., A, are incompatible” means “there is no measure satisfying Ay, ..., A,
at the same time”.

Theorem 1.
1. IN implies SI
IN implies FD
SA implies MO
MN and AC are incompatible
MN and CD are incompatible
MO implies FD
MN, MI, and NO are incompatible
MN, SA; and NO are incompatible

© 2 N o oo W N

CO, DO, and SA are incompatible

,_.
e

CO, DO, and MI are incompatible

—_
—_

. MN implies EC
12. MN and AT are incompatible

See also [3, 2] for some more detailed discussions.

Tables 2 and 3 give the complete picture on which inconsistency measure
satisfies (v/) or violates (X) the previously discussed rationality postulates.
Some of these results have been shown before in [23, 15, 16, 31, 10, 46, 37,
12, 21, 18, 39, 4, 41, 40]%, marked correspondingly in Tables 2 and 3. The
proofs and counterexamples of the remaining statements are given in the ap-
pendix. Note that in [46] it has been shown that Z,,, satisfies restricted versions
of MO and IN where only formulas are considered that do not use fresh propo-
sitions. Some results reported here correct previous statements. In particular,
Zp,, does not satisfy CO as claimed in [21], Z,,. does not satisfy IN, SI, and DO
as claimed in [41], and both Z3,,; and Zh | do not satisfy DO as claimed in
[12]. Due to a different phrasing of the postulates AT and EC in [41] compared

SNote that proofs of [37] are for propositional probabilistic logic. As this is a generalization
of propositional logic, the results apply here as well.



Z CO [ NO | MO [N DO | Sl SA PY [ MI MN
7 6T [ /T [ /T6] | /T6] | /T6] | /37T | BT | xB7 | xB7 | oAl
T s8] | x[41] s8] | 5] | x(31] sB7 | BT | sI3T) | sla6] | (18]
Ty s110] | x[37] sol | 0] | x[41] sB7 | BT | BT | sI3T] | xl41]
7, /1230 | 23] | sB7) | BT | g1 | 187 | xI3T) | x[3T) | x[37T) | xl41)
I s00 | x4 | 0] | 0] | 1) | 1] | xla1] | xla1] | xla1] | xla1)
e s00 | x4 | 00 | 0] | xla1] | 1) | xla1] | xla1] | x[18] | x[41]
I, s01 | xla1] | sl10] | o] | xl41] | sl41) | sl41) | pla1] | xla1] | xl41]
The sB39 | x4 | B9 | B9 | 139 | 39 | x[39] | xl41] | x[39] | xl41]
73 | 02| x| 02| i | x sH1 | 1) | xla1] | xla1] | ka1
gmax | 02| x4 | gh2) | gn2) | n2) || x| x| x| i
Ig‘;tlal s02 | x| 02 | 02 | x sU1 | 1| xla1] | xla] | 1)
Ip, sB1 | sI81) | xl41] | xl41] | xla1] | xla1] | x[41] | x[41] | x[41] | x[41]
Ip, X x4 | g2t | x[21] | xl21] | sla1] | gla1] | sla1] | xla1] | xl41]
Tonw s8] | sla1) | xla1] | xla1] | xla1] | xla1] | xla1] | xla1] | xl41] | [41)
The sH | x| s | x X X sA1 | g1 | xla1] | )
Iguz | s[40] s[40] s[40] X[40] X[4O] s[40] X[4O] X[40] X[40] X[40]
pro

Itflzi’z s[40] | xl40] s[401 | xl40] s140] sl40] /1401 | x[40] x[40] x[40]
If“zjr? 140 | x[40] | s[40] | xl40] | x[40] | s[40] | [40] | x[40] | x[40] | x[40]
T |y | x SR 7 cV R S R s x x| x

Ttorger | V4 | X via eyl v X X X

Tce v X s8l s X v X201 1 x si8

T 07| x 0707 v v v VRt

Table 2: Compliance of inconsistency measures with rationality postulates CO,
NO, MO, IN, DO, SI, SA, PY, MI, and MN; previous results are indicated by
a super-scripted reference of the original work (some of the results have been
shown in multiple publications, only the first occurrence is cited)

to their original definitions in [30], we also corrected some results pertaining to
these. See Appendix 7 for the corresponding proofs and counterexamples.
The only rationality postulate that almost all considered measures agree
upon is CO, which is not surprising as it captures the minimal requirement
for any inconsistency measure.” Most measures also satisfy MO, which is also
the least disputed in the literature. The only cases where MO fails is usually
when NO is satisfied, cf. Zp, and Z,,,. However, note that MO and NO are
not generally incompatible as e. g. Z, satisfies both. Some other postulates are
violated by most of the considered inconsistency measures, in particular if they
address a very specific feature. For example, CD is motivated by the measure
Ip,—which is also the only one satisfying it—and can be seen as the coun-
terpart to CO as it describes a concept of mazximal inconsistency. Of course,
requiring that a mazimally inconsistent knowledge base receive the maximal

"The fact that Zp,, violates CO is also unintentional as the original paper [21] falsely
claimed that CO is satisfied



T AT EC AC CD FD SY EX Al
T4 X v/ X[41] X[41] s4] /BT 4] /4]
IM| X X X[41] x[41] /[41] ‘/[10] X[41] X[41]
IN”C s141] s141] s141] x[41] s141] s110] xl41] xl41]
Z, s[41] s[41] s[41] X[41] s[41] /371 X[41] X[41]
T. X[41] X[41] X[41] x[41] s[41] X[lO] s[41] s[41]
Tme X[41] v X[41] x[41] s[41] s[10] X[41] X[41]
T, x[41] s141] x[41] x[41] s141] s110] xl41] xl41]
Ths X v X[41] X[41] s[41] /[39] xl41] X[41]
72 | K| x| x| x| ) | | x| ke
Ig:}:l X[41] X[41] X[41] X[41] s[41] s[41] X[41] X[41]
1—33;131 X v X[41] x[41] /[41] /[41] X[41] X[41]
Z'Df /[31] /[41] /[31] /[31] /[31] /[41] x[41] x[41]
IP,,L X[41] X[41] X[41] x[41] /[41] x[4l] X[4l] X[41]
T X v X[41] X[41] X[4l] X[4l] X[41] X[41]
Tne X Vs X[41] X[41] ‘/[41] /[41] X[41] X[41]
I{zfod X[4O] X[4O] X[40] X[4O] s[40] X[40] X[40] /[40]
Zhes | ol | X401 | x10) | glao] | sla0) | xi0] | xlao]
tleiz: x[40] | x[40] | x[40] | x[40] s40] | x[40] | x[40] | x[40]
Tmesc X v X X 4 v X X
Tiorget | X X X X v X x4 s
Icc X 4 X X v v X X
TLis X 4 X X v 4 X X

Table 3: Compliance of inconsistency measures with rationality postulates AT,
EC, AC, CD, FD, SY, EX, and Al; previous results are indicated by a super-
scripted reference of the original work (some of the results have been shown in
multiple publications, only the first occurrence is cited)

possible inconsistency value is a desirable property. The specific instance of this
requirement in CD, i.e., that mazimal inconsistency is defined by not having
non-empty consistent subsets and that the maximal value is 1, is very specific
to Zp,. The value 1 only makes sense when the measure is normalized, so that
1 is indeed the maximal possible value. Moreover, the definition of mazimal
inconsistency requires some more investigation.

One important thing to note from the results shown in Tables 2 and 3, is
that all investigated inconsistency measures satisfy different sets of postulates.
More precisely, there are no two inconsistency measures Z and Z’ that satisfy
and violate the exact same set of postulates. This also means that we can find
knowledge bases I, K" such that Z(K) < Z(K') and Z'(K) > Z’(K’), meaning
that all considered inconsistency measures are essentially different.®

8 An earlier observation regarding a subset of the investigated measures has been made in
(10].



5 Expressivity

The drastic inconsistency measure Z; (see Figure 1) is usually considered as a
very naive baseline approach for inconsistency measurement. Surprisingly, this
measure already satisfies many rationality postulates, cf. Tables 2 and 3. What
sets it apart from other more sophisticated inconsistency measures is that it
cannot differentiate between different inconsistent knowledge bases. However,
this demand is exactly what inconsistency measures are supposed to satisfy.
To address this issue, the work [38] initiated the analysis of the expressivity of
inconsistency measures. With expressivity of inconsistency measures we here
mean the number of different values an inconsistency measure can attain.

Example 2. Consider the knowledge bases K19 and K11 defined via

K10 = {a,b,ma V —b,c,d,—cV —d}
IC11 = {a7 -a, ba ﬁb}

Both knowledge bases contain two minimal inconsistent subsets and, thus, Zy,
is not able to differentiate their severity of inconsistency (recall that Zy, takes
the number of minimal inconsistent subsets as the inconsistency values)

Imi(Kio) = Zmi(Ki1) = 2

On the other hand, Zyc does distinguish K19 and K11 (recall that Zyc sums
the reciprocal sizes of all minimal inconsistent subsets)

Taic (K1) =2/3 Imic(K11) =1
Therefore, Zyyc can be regarded as more expressive than Zy wrt. Kqg and K1
Example 3. Consider the family of knowledge bases Ki, (for i € N)
Kiy={a1 A...Na;s,—ay A ... A—a;}

Observe that K%, contains one minimal inconsistent subset (independently of
i) and therefore

Imi(Ki,) =1

for all ¢ € N. However, Z. is able to distinguish every single member of the
family (recall that, roughly, Z. counts the number of propositions which are
involved in conflicts)

IC( 32) =1

for i € N. Therefore, Z. can be regarded as more expressive than Zy wrt. Ki,.



In the following, we recall the framework of [38] and investigate the expres-
sivity of inconsistency measures along four different dimensions of subclasses
of knowledge bases.

Definition 27. Let ¢ be a formula. The length len(¢) of ¢ is recursively
defined as

1 if ¢ € At

1+ len(¢’) if ¢ = ¢/
1+ len(¢1) + len(pz) if ¢ = ¢1 Ao
1+ len(¢1) + len(p2) if ¢ =¢1V o

Len(g) =

In other words len(¢) is the number of connectives plus the number of
occurrences of atom in ¢. Furthermore, we treat ¢; — ¢2 as an abbreviation
of =¢1 V ¢2 and therefore len(¢; — ¢2) = 2 + len(¢1) + len(¢s).

Definition 28. Define the following subclasses of the set of all knowledge bases
K:
K*(n) = {K € K | |At(K)| < n}
K/ (n) = {K e K| |K| < n}
K!(n) = {K € K| V¢ € K : 1en(¢)
KP(n) ={K e K| V¢ € K : |At(¢)]

}
}

In other words, K¥(n) is the set of all knowledge bases that mention at most
n different propositions; K/ (n) is the set of all knowledge bases that contain
at most n formulas; K!(n) is the set of all knowledge bases that contain only
formulas with maximal length n; and KP(n) is the set of all knowledge bases
that contain only formulas that mention at most n different propositions each.
The motivation for considering these particular subclasses of knowledge bases is
that each of them considers a different aspect of the size of a knowledge base. As
a syntactical object, a knowledge base is a set of formulas, and both the number
of formulas (considered by the class K/(n)) and the length of each formula
(K'(n)) are the essential parameters that define its size. From a semantical
point of view, the number of propositions appearing in each formula (KP(n))
and in the complete knowledge base (K¥(n)) define the scope of the knowledge.
Larger numbers for both of them also indicate larger scope and thus greater
size. Inconsistency measures should adhere to the size of the knowledge base in
terms of their expressivity. For example, the number of possible inconsistency
values of a particular measure should not decrease when moving from a set
K¥(n) to a set K¥(n') with n’ > n, as knowledge bases with n’ formulas should
provide a larger variety in terms of inconsistency than knowledge bases of size
n. Indeed, this property is true for all considered measures as K”(n) C K¥(n’)
(the same holds for all classes above).

<n
<n



The aim of an expressivity analysis is to investigate the number of different
values that a specific inconsistency measure can attain on different subclasses
of knowledge bases. This idea can be formalised by expressivity characteristics
[38].

Definition 29. Let Z be an inconsistency measure and n > 0. Let a €
{v, f,1,p}. The a-characteristic C*(Z,n) of Z wrt. n is defined as

C*(Z,n) = {Z(K) | K € K*(n)}|

In other words, C*(Z,n) is the number of different inconsistency values Z
assigns to knowledge bases from K%(n).

Table 4 shows the expressivity characteristics for all measures considered
in this paper. Proofs pertaining to measures Zq, Zmi, Zmic, Ly, Zes Zme, Lp,
Ths: Linar T35, I8 1, Ip,, Ip,.» Lo, and Iy, can be found in [38]. Proofs
pertaining to measures Z;"* 7,"> and Itfszudz can be found in [40]. The
remaining proofs are given in the appendix.

The evaluation shows that inconsistency measures behave quite differently
wrt. expressivity. First, the analysis clearly shows that the inconsistency mea-
sure Z4 is indeed a poor inconsistency measure as it has a constant expressivity
value in all four considered dimensions. Second, one can categorise measures
into different clusters pertaining to each expressivity characteristic and with
significant differences between the values in multiple order of magnitudes. For
example, for C¥ we have one measure with constant expressivity value (Z;) and
several with an expressivity value of linear size (Z., Z23Y, and Z,,,). Next,
there are two measures with an expressivity value of exponential size (Z, and
Ths) and, finally, several measures with infinite expressivity values. This gives
us a clear superiority relation wrt. each concrete expressivity characteristic.
Third, evaluating expressivity depends highly on the characteristic. As one
can see from Table 4, the rankings on expressivity induced by the character-
istics C¥ and C/ are reversed in some places. Consider e.g., the measures Z,
and Z.. The measure Z, has a rather low expressivity value wrt. Cf but a
high value wrt. C¥. Conversely, Z. has a high expressivity value wrt. C¥ but a
rather low value wrt. C”. Similar observations can be made for other measures.
The reason for this is that the expressivity characteristics Cf and C¥ provide
a means to differentiate between so-called syntactic measures and semantical
measures, cf. [13]. This categorisation aims at classifying measures on whether
they operate on the formula level (syntactic measures) or on the proposition
level (semantic measures). While the original definition of syntactical and se-
mantical measure is rather informal, the expressivity characteristics C/ and Cv
make this distinction more precise. In particular, C¥ measures how susceptible
a measure is when the vocabulary, i.e. the semantical side of the knowledge
base, is restricted. Semantical measures such as Z. have a low expressivity



when the vocabulary is restricted. On the other hand, Cf measures how sus-
ceptible a measure is when the number of formulas, i.e., the syntactical part,
is restricted. Syntactical measures such as Z,, have a low expressivity in this
case.

There are some measures (Z3,,.,, Zp,, , Itf‘;rzo » tfszodz, Ziorget) that have in-
finite expressivity values in all considered dimensions. Just from the point of
view of expressivity, these measures seem to be good candidates for “good”
measures. However, as the previous section already discussed, the satisfaction

of certain rationality postulates may be of more importance than expressivity.

6 Computational Complexity

The final evaluation criterion we consider is computational complexity [32].
Following [44, 43], we consider the following three decision problems one can
consider for inconsistency measures. Let Z be some inconsistency measure.

ExacTz Input: K€K, zeRZ,
Output: TRUE iff Z(K) =z

UPPERz Input: KeK, zeRZ
Output: TRUE iff Z(K) < z

LOWERZ Input: K eK, ze R\ {0}
Output: TRUE iff Z(K) > «

In other words, EXACT7 is the problem of deciding whether a given value x is
the inconsistency value of a given knowledge base. The problems UPPERz and
LowERz are about deciding whether a given value x is an upper/lower bound
of the inconsistency value of a given knowledge base, respectively.
Furthermore, we consider the following natural function problem:

VALUEZ Input: KeK
Output: The value of Z(K)

Table 5 gives an overview of the computational complexity landscape of the
considered measures. Proofs of the results pertaining to Zq, Zmi, Zmic, Ly, Ze, Ime,
Ty Tns, I8 T3 000 T35 T, Tonese Ltorget Zoos Lis can be found in [43], see
also [28, 45] for proofs pertaining to some generalisations of Z.. Proofs pertain-
ing to the measure Z,,,,, can be found in [46]. Proofs pertaining to the measures
If}‘fod, Itf:ff, and If:zodz for the problems EXACTz, UPPERz, and LOWERz can
be found in [40]. Proofs pertaining to the measures Zp, and Zp,, can be found
in the appendix. We refer to [32] and [44, 43] for the exact definitions of the
mentioned complexity classes, which will only informally be discussed below.

The analysis of the computational complexity of different measures shows
that measuring inconsistency can be significantly more or less complex de-
pending on the actual measure. In general, measures can be categorised into



four different classes [43]. The first class contains measures on the first level
of the polynomial hierarchy, i.e., those where the problem UpPERz is NP-
complete. Under standard complexity-theoretic assumptions (such as assum-
ing that P # NP) these measures are significantly easier to deal with than the
other measures. In particular, the decision problem UPPER7 itself is not harder
than a satisfiability test in propositional logic and implementations for these
measures may benefit from the use of SAT solvers. The next class contains
measures on the second level of the polynomial hierarchy, i.e., those where the
problem UPPERz is II5-complete. The increase in complexity here is similar
(roughly) to the increase in complexity when going from the satisfiability prob-
lem in propositional logic to the satisfiability problem in e. g. disjunctive logic
programs under the answer set semantics [8]. Solvers for the latter could also
be used for the development of implementations for those measures. The mea-
sure Zoe is presumably not contained in this second class (although a formal
proof is still missing) but Table 5 shows that it is at most on the third level
of the polynomial hierarchy, thus again presumably significantly more com-
plex than the previous measures. The final class contains measures beyond
the polynomial hierarchy (under standard complexity-theoretic assumptions),
i.e., the remaining measures. These measures are inherently more complex as
they need to count structures of exponential number (therefore, most of them
can be shown to be complete for some “counting” complexity class, those with
prefix C). For example, the measure Zy is defined to be the number of minimal
inconsistent subsets of the knowledge base. This task is hard for two reasons:
first, the number of minimal inconsistent subsets may be exponential in the size
of the knowledge base, and second, verifying whether some set is indeed a min-
imal inconsistent subset is hard itself, in fact it is D}-complete [33]. However,
for minimal inconsistent sets there are systems available such as [29, 26] that
allow the enumeration of those in an effective manner for reasonable problem
sizes.

In general, inconsistency measurement is an inherently intractable problem.
As the problem of recognising inconsistency is already on the first level of
the polynomial hierarchy (it is coNP-complete), we cannot hope for efficient
algorithms to measure inconsistency (unless P = NP). But this also means
that measures in the first category from above are optimal wrt. computational
complexity (there are minor complexity-theoretic differences in problems other
than UPPERz for these measures, but this is, arguably, negligible compared to
the increase in complexity when moving to the second category of measures).

Implementations of the inconsistency measures discussed in this chapter
can also be found in the Tweety Libraries for Artificial Intelligence [42] and an
online interface is available as well?.

9http://tweetyproject.org/w/incmes



7 Discussion

Inconsistency measurement is a problem that is not easily defined in a formal
manner. Many approaches have been proposed, in particular in recent years,
each taking a different perspective on this issue. In this chapter, we addressed
the issue of evaluating the appropriateness of these different approaches by
considering three different evaluation metrics. First, we discussed rationality
postulates. Those aim at prescribing general desirable behaviour of an incon-
sistency measure and there have also been a lot of proposals in the recent
past. Many of them are mutually exclusive, describe orthogonal requirements,
and are not generally accepted in the community. Second, we discussed the
expressivity of inconsistency measures, i.e., the capability of an inconsistency
measure to discriminate between many inconsistent knowledge bases. In gen-
eral, we expect inconsistency measures to be sensitive towards the addition
and deletion of inconsistent parts, so a high expressivity can be regarded as a
favourable argument for an inconsistency measure. Finally, we discussed the
computational complexity of determining inconsistency values. As deciding in-
consistency is (presumably) an intractable problem itself, the task of measuring
inconsistency cannot be easier than that. Still, there are differences in the com-
putational complexity of different approaches and it usually better to focus on
approaches which are on e.g. the lower levels of the polynomial hierarchy. In
order to illustrate the behaviour of these three evaluation metrics, we evaluated
a selection of 22 inconsistency measures from the recent literature wrt. those.

This chapter is not intended to identify the best inconsistency measure
currently available, but only to highlight their advantages and disadvantages.
Different measures behave differently wrt. to the evaluation metrics. The mea-
sure Z. is computationally attractive but its expressivity is limited by the size
of the vocabulary. The measure Z3,,, has maximal expressivity but fails to
satisfy the DO rationality postulate. From these observations, only few general
assessments on the quality of each measure can be given. In particular, expres-
sivity and computational complexity are objective evaluation metrics. If given
two inconsistency measures Z; and Z, with identical behaviour, except that
71 has strictly higher expressivity or strictly lower computational complexity
than Zo, then Z; should be preferred to Z (abstractly speaking). On the other
hand, rationality postulates are a subjective means to evaluate inconsistency
measures as the appropriateness of many of those is not generally agreed upon,
see e.g. [3]. Tables 2 and 3 showed that the behaviour of the evaluated mea-
sures differs significantly in light of the available rationality postulates. But in
contrast to expressivity and computational complexity, rationality postulates
actually address the underlying issue of formally defining “severity of incon-
sistency”. As a generally agreed upon definition is still an open question, the
rationality postulates discussed in this chapter can still serve as a guideline to
select an appropriate inconsistency measure wrt. some application. If an ap-



plication demands the satisfaction of one or more given rationality postulates,
among all measures that satisfy those postulates one can select a measure that
behaves well wrt. the other evaluation criteria expressivity and computational
complexity.

This survey points to a series of open research questions that may be inter-
esting to pursue. For example, the discussion on the “right” set of postulates
is not over. The analysis on the compliance of rationality postulates showed
that for all postulates we can find an inconsistency measures that satisfies it
and another one that violates it. Of course, this situation will only worsen the
more measures and postulates are being proposed. What is needed is a char-
acterising definition of an inconsistency measure using few postulates, as the
entropy is characterised by few simple properties as an information measure.
However, we are currently far away from a complete understanding of what an
inconsistency constitutes.

Furthermore, our analysis of computational complexity showed that incon-
sistency measurement may be significantly harder than inconsistency detection
(under the usual complexity theoretical assumptions). So far, the algorith-
mic study of inconsistency measurement has (almost) not been investigated at
all. Although straightforward prototype implementations of most measures are
available (see the remark at the end of the previous section), those implemen-
tations do not necessarily optimise runtime performance. Only a few papers
[27, 28, 29, 39] have addressed this challenge previously, mainly by developing
approximation algorithms. Besides more work on approximation algorithms,
another venue for future work is also to develop algorithms that work effec-
tively on certain language fragments—such as certain description logics—and
thus may work well in practical applications.

Although we surveyed a rather large selection of inconsistency measures,
the analysis is, of course, not complete. Incorporating recent works such as
[6, 2, 19] may shed some new light on the issues discussed in this chapter.
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Appendix: Proofs of Technical Results

Examples 4-6 give counterexamples for some false claims given in the literature,
see Tables 2 and 3. General corrections regarding the postulates AT and EC
can be found in Theorem 6 below.



Example 4. Zp  does not satisfy CO as falsely claimed in [21]. Consider the
knowledge base K = {=(a A a),a} where {a} is the only minimal proof of a
and there is no minimal proof for —a (as {=(a A a),a} does not contain —a as
a literal). It follows |PX(a))| = 1, |PX(=a)| = 0 and therefore Zp, (K) = 0,
despite the fact that I is inconsistent.

Example 5. Z,. does not satisfy IN, SI; and DO as falsely claimed in [41].
For Sl, consider the knowledge base K = {a A —a} and observe that b is a
safe formula in £ U {b}. However, we have Z,,.(K) = 1 and Z,,.(K U {b}) = 2
contradicting SI. Due to Theorem 1 Z,,. cannot satisfy IN as well. For DO,
consider the knowledge base K’ = {a,a A a,a Aa Aa,—a}, the formula o = —a,
and the formula 8 = —a A —a. Observe that o ~L and o |= 5. We have

Toe(K' U{a}) = Zpe({a,a Na,a Na Aa,—a}) =3
Zne(K'U{B}) = Tpne({a,a Na,a Na Aa,—a,—~a A —a}) =4

contradicting DO for Z,..

Example 6. Zh and 77, do not satisfy DO as falsely claimed in [11, 12].
Consider the knowledge base K = {a,a A a,a AaAa,—a}, the formula a = —a,
and the formula 8 = —a A —a. Observe that a 1 and « |= 3. We have

h1t

dalal

h1t
d'11'11

(KU{a}) =

(Ku{p}) =
Lina(KU{a}) = Tha({a,a Aa,ana Aa,—a}) = 1
Tim(Ku{BY) =i (a,a Aa,a AaAa,—a,—aA—a}) =2

contradicting DO for both Zhit | and T}

Iiia{a,ana,anana,—a}) =1

T ({a,a na,a haAa,—a,—a A —a)) =2
(
(

alal®

We now provide proofs for the missing statements regarding the compliance
of the rationality postulates of the measures Zycsc, Ziorgets Loc, and Ii; see
the Tables 2 and 3. For all proofs in the Appendix we denote by +X a proof
that shows that property X is satisfied and by —X a proof that shows that
property X is violated.

Theorem 2. 7,,.,. satisfies SI, EC, FD, and SY. Z,,.sc does not satisfy NO,
PY, MN, AT, AC, CD, EX, and Al.

Proof.
—NO We have Z,,csc({a, a}) = 2, 80 Zpyese violates NO.
+SI This follows from IN due to Theorem 1.

—PY Consider £ = {a,b,—a,—b,a V b} and observe that a Vb ¢ Free(K).
However, we have Zp,csc(K) = Ziese (K \ {a V b}) = 4.



—MN Proposition 2 in [1] showed that Z,,csc(M) = 2 for minimal inconsistent
sets M with [M] > 1.

—AT Consider the minimal inconsistent sets M = {a, —a} and M’ = {a, b, ~aV
—b}. We have |M| < |[M'| but Zinese(M) = Zinese(M') = 2.

+EC For any minimal inconsistent set M with |M| > 1 we have Z,csc(M) = 2
due to Proposition 6 in [1]. If [M| = 1 we have Zp,csc(M) = 1.

—AC Consider M; = {ay,...,a;,7a1V...V-a;} for i € N. Then lim;_, o, |M;| =
oo but im; 00 Zinese(M;) = 2.

—CD We have Z,csc({a A —a,b A =b}) = 2 but every non-empty subset of
{a A —a,b A b} is inconsistent.

+FD This follows from MO due to Theorem 1.

+SY Let K,K’ be knowledge bases with K =; K’ and let s be a bijection
s : K = K’ such that a = s(a) for all @ € K. Then |[K| = |K/|

and observe that {aj,...,ar} € K is a consistent set if and only if
{s(a1),...,s(ag)} C K’ is a consistent set. It follows that Z,.s.(K) =
Tonesel ).

—EX Consider K = {a A —a}, K' = {bAc}, and K" = {b, ¢} and observe that
K' = K”. However, we have Z,csc(K UK') =2 # 3 = Tiesc (KUK

—Al We have Zpyesc({a A —a}) =1# 2 =Tpese({a, na}).
O

Theorem 3. Zioqe; satisfies SI, SA, and FD. Zgeey does not satisfy NO, PY,
MI, MN, AT, EC, AC, CD, and SY.

Proof.
—NO We have Ziorget ({a A —a, b A —b}) = 2, 80 Liorget violates NO.
+SI This follows from IN due to Theorem 1.

+SA Let K = K1UK, with K1NKy = 0 and Iforget(’C) =k. Letay,...,ar € At,
i1,...,0 € Ny and ¢1,...,¢r € {L, T} be such that

(AK)lar iy — é1;.. 5 ak, ik — ox] L

As each triple (a;,i;,¢;) for j = 1,..., k identifies a replacement in either
K1 or Ky we can write the above as

(/\]C1)[a1,i1 — P15 ARy g — qﬁk/]/\
(/\ ]CQ)[a/k’-l—lvik’-‘rl — ¢k’+1; .. .;a]wik — (z)k] %J_



assuming that the aq,...,ar are numbered adequately and 1 < k' < k.
It follows that

(/\Kl)[al,il = P1y. A — O] L and
(/\’Cg)[ak/+1,ik/+1 — ¢k/+1; .. .;ak,ik — (ZSk] l?éJ_

and therefore Ziorget(IC1) < k' and Zgorget (K2) < k — k' and therefore
Iforget (K:) > Iforget (Kl) + Iforget (IC2)

—PY We have Ziorget ({a, 7a}) = Ziorget ({a, aAa, —a}) = 1 but aAa ¢ Free({a, an
a,al).

—MI Consider £ = {a A —a A ¢} and K’ = {b A =b A =} and observe that
MI(KUK') = {K,K"}, MI(K) = {K}, MI(K') = {K'} but Zorget (KUK') =
3#2=141=Tiorget(K) + Z(K').

—MN We have Zgrget ({@ A b, ma A =b}) = 2 but {a A b,~a A —b} is minimally
inconsistent.

—AT Consider the minimal inconsistent sets M = {a A —a} and M’ = {a, -a}.
We have |M| < |M'| but Zorget (M) = Tiorget (M') = 1.

—EC Consider the minimal inconsistent sets M = {a A —a} and M’ = {a AbA
—a A —b}. We have |M| = |M'| but Ziorget (M) = 1 < 2 = Ziorget (M').

—AC Consider M; = {ay,...,a;,7a1V...V-a;} for i € N. Then lim;_, |M;| =
oo but hmlﬁoo Iforget (Mz) =1.

—CD We have Zgorget ({@, 7a}) =1 but {a} C {a,—a} is consistent.
+FD This follows from MO due to Theorem 1.

—SY Counsider K = {a A —a} and K" = {a A —~a A b A —=b}. Then K =, K’ but
Iforget (K:) =1 7& 2= Iforget (K:/)

O

Theorem 4. Zqc satisfies CO, IN, SI, MN, EC, FD, and SY. Zgc does not
satisfy NO, DO, PY, AT, AC, CD, EX, and Al.

Proof.

+CO For consistent K the set () is the only conditional independent MUS
partition of K and therefore Zoo(K) = 0. For inconsistent K, any set
{M} with M € MI(K) is a conditional independent MU partition of
and therefore Zoo(K) > 1.

—NO We have Zoe({a, —a, b, —b}) = 2, so Zee violates NO.



+IN This follows from the fact that S is a conditional independent MUS par-
tition of K if S is a conditional independent MUS partition of IC\ {a} for
a € Free(K\ {a}).

—DO Counsider K = {a,~aAb,~c}, « = -bAcand 8 = c. Observe a =L and
a | B. However, we have Zoc (KU {a}) =1 <2 =Zcc (KU {S}).

+SI This follows from IN due to Theorem 1.

—PY We have Zoo ({a, —a,ana}) = Zee({a,a}) = 1 but aAa ¢ Free({a, —a, aA

a}).

+MN For a minimal inconsistent M the set {M} is the maximal conditional
independent MUS partition of M and therefore Zo(M) = 1.

—AT This follows from MN due to Theorem 1.
+EC This follows from MN due to Theorem 1.
—AC This follows from MN due to Theorem 1.
—CD This follows from MN due to Theorem 1.
+FD This follows from MO due to Theorem 1.

+SY Let K,K’ be knowledge bases with K =, K’ and let s be a bijection
s : K — K’ such that @ = s(a) for all @« € K. Then |K| = |K’| and
observe that {Mj, ..., M} is a conditionally independent MUS partition
of K if and only if

{{s(a) |ae M;}|i=1,...,k}

is a conditionally independent MUS partition of K'. It follows that
Imcsc(lc) - Imcsc(lcl)~

—EX Consider K = {—a, -b}, K' = {a, b}, and K" = {aAb}. Observe K' = K"
but Zee (KU /C/) =2#£1= Icc(/C U ’C”).

—Al The counterexample for EX above also serves as a counterexample for Al.
O

Theorem 5. 7 satisfies SI, SA, PY, EC, FD, and SY. Z;s does not satisfy NO,
DO, AT, AC, CD, EX, and Al.

Proof. —NO We have Zis({a, —a, b, —b}) = In4 &~ 1.39, so Z;s violates NO.

—DO Consider £ = {a,-a}, « =a and 8 = a A a. Observe a £ L and a = S.
However, we have Zis(K U {a}) =1 <In3 = L (K U {5}).



+SI This follows from IN due to Theorem 1.

+4+SA Let £, with KN K’ = . Then MI(K) N MI(K') = § and MI(K) U
MI(K") € MI(K UK'). Then by taking the union of any set of pairwise
disjoint subsets of MI(K) and any set of pairwise disjoint subsets of MI(K’)
one obtains a set of pairwise disjoint subsets of MI(KXUK’) (note that the
empty set is a set of pairwise disjoint subsets of both MI(KC) and MI(K")).
If ig is the number of sets of pairwise disjoint subsets of a set S then
iMI(ICUIC’) > iMI(IC)iMI(IC’)- Therefore

Zis(KUK') = Inimxcuxr
> Inimiieyimicen

= hli,\/”(]c) + lniMI(IC/)
= Tis(K) + Tis(K)

+PY If a ¢ Free(K) then MI(K \ {a}) € MI(K). Then every set of pairwise
disjoint subsets S of MI(C\ {a}) is also a set of pairwise disjoint subsets
of MI(K). Let M € MI(K) with « € M. Then M ¢ MI(K\ {a}) and
{M} is a set of pairwise disjoint subsets of MI(KC). Therefore, the set of
sets of pairwise disjoint subsets of MI(K) is a strict superset of the set of
sets of pairwise disjoint subsets of MI(K \ {a}). The claim follows from
the monotonicity of the logarithm.

—AT This follows from MN due to Theorem 1.
+EC This follows from MN due to Theorem 1.
—AC This follows from MN due to Theorem 1.
—CD This follows from MN due to Theorem 1.
+FD This follows from MO due to Theorem 1.

+SY Let K,K’ be knowledge bases with K =, K’ and let s be a bijection
s : K = K’ such that o = s(a) for all & € K. Observe that M =
{oa,...,ax} € MI(K) iff s(M) = {s(aq,)...,s(ax)} € MI(K'). Tt fol-
lows that {Mj,..., M;} is a set of pairwise disjoint subsets of MI(K) iff
{s(Mq),...,s(M;)} is a set of pairwise disjoint subsets of MI(K’) and
therefore the claim.

—EX Consider K = {—a, -b}, K' = {a,b}, and K" = {aAb}. Observe K' = K"
but Zis(KUK') =1Ind #In3 = Z,; (KU K").

—Al The counterexample for EX above also serves as a counterexample for Al.
O



The following theorem corrects some previous statements from [41, 40]
where the postulates AT and EC have been stated in different way compared
to the original definition from [30]. More precisely, the following results shows
the compliance of all considered measures (except Zmese, Ltorget, Lo, and Zig
which have been dealt with above) with the postulates AT and EC. It corrects
previous results by showing that 1.) Za, Zwi, Zhs, Zmw, Z0%,,, and Z,,. do not
satisfy AT, 2.) Zy does not satisfy EC, and 3.) Z4, Zyne, Zhs, Ig;tlal, Lonws Tne,

and Itfzfr"z satisfy EC. All other statements remain unchanged.

Theorem 6. For T € {Zyc,Z,,Ip,}, T satisfies AT. For T € {Za, Imi, Zc, Line,
i fuz, fuz,s .
IpvIhsvIfalalaIcﬁ?;(l’Ig;tlalePmvavanc»ItfsrzodvItﬁn ’It:rzod }, Z violates AT. For

i fuz, s .
7 e {Id,IMhIM,c,In,ImC,Ip,Ih&I}j“;tlal,IDf,Imv,Inc,ItiZm }, T satisfies EC.
For T € {Zo, I3, T35, Ip,,, 82 | 1,7}, T violates EC.

Proof.

Z4 —AT Consider M = {a,b,—aV —b} and M’ = {—a,a}. We have |M| > |M’|
but Id(M) =1= Id(M’)

T4 +EC For any pair of minimal inconsistent sets M, M’ (independently of
whether they have the same cardinality) we always have Zy(M) = 1 =
Za(M').

Zwmi —AT Consider M = {a,b,—7aV-b} and M’ = {—a,a}. We have |M| > |M’|
but IM|(M) =1 :IN”(M/).

Zmi +EC For any pair of minimal inconsistent sets M, M’ (independently of
whether they have the same cardinality) we always have Zy (M) = 1 =
Imi(M').

Imic +AT Let M, M’ be minimally inconsistent with |[M’| < |M|. It follows
directly that Zyc (M) = 1/|M| < 1/|M'| = Zyyc (M").

Zmic +EC Let M, M’ be minimally inconsistent with |M’| = |[M]. Tt follows
directly that Zyc (M) = 1/|M| = 1/|M’| = Zyyc(M").

Z, +AT In [23] it has been shown (Theorem 2.12, slightly rephrased here) that
for any minimal inconsistent M, Z,,(M) = 1/|M|. Then the proof of AT
is analogous to the corresponding proof for Zyc (see above).

7, +EC In [23] it has been shown (Theorem 2.12, slightly rephrased here) that
for any minimal inconsistent M, Z,,(M) = 1/|M|. Then the proof of EC
is analogous to the corresponding proof for Zyc (see above).

Z. —AT Consider M = {a,-a} and M’ = {—-a A a}. We have |M| > |M’| but
(M) =1 = T.(M).



Z. —EC Consider M = {a,—-a} and M’ = {aAb,~aA-b}. We have |M| = |M’|
but Z.(M) =1 # 2 =Z.(M’).

Zne —AT Consider M = {a,—a} and M’ = {a A —a}. We have |M| > |M’|
but Zp,(M) =1 =T,,.(M’).

Zme +EC Let M € MI(K), if [M| =1 then Z,,,(M) = 1 and if |M| > 1 then
Tne(M) =|M|—1.

Z, —AT Consider M = {a,b,~aV —b} and M’ = {—a,a}. We have [M| > |M’|
but Z,(M) =3 > 2 =17,(M').

7, +EC For any minimally inconsistent M, Z,(M) = |M]|.

Ths —AT Consider M = {a,b,~aV—-b} and M’ = {—a,a}. We have |M| > |M’|
but Zps(M) = 1 = Iy, (M').

TIhs +EC For M € MI(K) observe that for |M| = 1, Z,s(M) = oo and for
|M| > 1 we have Zp4(M) = 1.

Z33. —AT Consider M = {a,b,—a V =b} and M’ = {~a,a}. We have |M| >
|M/| but IEaIaI(M) =1= Ig:alal(M/)'

Z33a —EC Consider M = {a,—a} and M’ = {a A b,—a A —=b}. We have
|M| = |M'| but I3,y (M) =1 # 2 =TI,,(M').

Ipax, —AT Consider M = {a,b,—a V —=b} and M’ = {—a,a}. We have |M| >
[M'| but 5335 (M) = 1= Tgi3 (M)

Zhax, —EC Consider M = {a,—a} and M’ = {a AbA¢c,ma A—bA-ch We
have [M] = [M'| but T (M) = 1 # 2 = Tias (M),

Zhit | —AT Consider M = {a,b,—a V —b} and M’ = {-a,a}. We have |M| >
M| but Zgif, (M) = 1 = Zg,, (M").

Thit | +EC Note that Zhit (M) =1 for every minimal inconsistent M.

alal

Ip, +AT For M € MI(K) observe that Zp, (M) = 1/|M|. Then the proof of
AT is analogous to the corresponding proof for Zyc (see above).

Ip, +EC For M € MI(K) observe that Zp (M) = 1/|M|. Then the proof of
EC is analogous to the corresponding proof for Zyc (see above).

Zp, —AT Consider M = {—a,a} and M’ = {-a A a}. We have |M| > |M’|
but Ipm(M) =1 :IPM(M/)~

Zp, —EC Consider M = {a,—a} and M’ = {a Ab,—a A —b}. We have |M| =
|M'| but Zp, (M) =1#2=ZIp, (M').



Zmy —AT Consider M = {—a,a} and M’ = {—-a A a}. We have |M| > |M’|
but Zyne (M) = 1 = o (M),

Zmw +EC Observe Z,,, (M) = 1 for every minimal inconsistent set M.

Zn. —AT Consider M = {—a,a} and M’ = {-aAa}. We have |[M| > |M’'| but
Toe(M)=1=T,.(M).

Zne +EC Observe Z,.(M) = 1 for every minimal inconsistent set M.
Zfez AT Consider M = {—a,a} and M’ = {-a A a}. We have |[M| > |M’|

prod

but Zj" (M) = 0.75 = ;" (M’).

Tfuz _EC Consider M = {a,—a} and M’ = {a A a,~a A —a}. We have

tprod

|M| = [M'| but (M) = 0.75 # 0.9375 = ;" (M').

¥ AT Consider M = {-a,a} and M’ = {=a A a}. We have |M| > |M'|
but T S(01) = 1 = ().

I{:::E +EC Observe that for a minimal inconsistent M with [M] = 1, Itflff (M)
1/2 due to Proposition 3 in [40]. Furthermore, for a minimal inconsistent
M with |[M] > 1 one can see that Itfuzz (M) =1 (one can always define a

fuzzy minimum interpretation w in such a way that all but one formula of
M are satisfied, i.e., w(a) = 1, and exactly one formula 8 has w(3) = 0.

I{:‘if —AT Consider M = {—a,a} and M’ = {—a A a}. We have |[M| > |M’|
but " (M) = 1 =I,"">(M").

tprod

7f=> _EC Consider M = {a,—a} and M’ = {a A b,—a A —b}. We have

tprod

| M| = [M'| but ;" (M) = 1 # 1.5 = T, (M").
O

We now provide proofs for the missing statements regarding expressivity of
the measures Zpcsc, Ziorget, Loc, and Zis, see Table 4.

Theorem 7. C*(Zyese,n) = CP(Tmesesn) = 00, Cf(Zpmese,n) = n + 1. For
n > 1, C(Tmese,n) = 0.

Proof. Regarding C¥(Znese, ) = CP(Zinese, 1) = 00, consider the family

Ki;={-a,a,aNa,...,aN...\Na}

7 times

where each K; and each formula in C; mentions only a single atom, ¢ € N.
Note that each IC; contains exactly two maximal consistent subsets, namely



{—a} and {a,aAa,...}. Those two also comprise the single maximal MC cover
(which has an empty intersection). It follows that Z,csc(KC;) = [Ki| —0 =i+ 1.

Regarding Cf(Zuese,n) = n + 1 note that Z,,.s is integer-valued and
Tmese(K) < |K| by definition, showing that C/(Zese,n) < n + 1. To see that
CH(Znese,n) > n+1 consider Ky, ..., K,_1 from above showing that {2,...,n}
are possible values for Z,,.s. on knowledge bases of size n or smaller. Further-
more, we have Z,,.s.(0) = 0 and Z,ese({a A —a}) = 1, yielding Cf (Znese,n) >
n+ 1.

Regarding Cl(ImcsC7 n) = oo for n > 1, consider the family

Ki ={a1,—as,...,a;,~a;}

and observe that Z,.s.(K}) = 2i.
O

Theorem 8. C"(Ziorget,n) = Cf(Iforget,n) = CP(Ztorget,n) = 00. For n > 1,
Cl(Iforge‘m TL) = Q.

Proof. Regarding C?(Ztorget, ) = C’ (Ziorgets 1) = CP(Ztorget,n) = 00, consider
the family

Ki={aAN...NaA-aA...N-a}

i times i times

where each C; mentions only a single atom and consists of a single formula,
i € N. Observe Zgorget (Ki) = 1.
Regarding Cl(Iforget7 n) = oo for n > 1, consider the family

’C; = {0,1, A I ¢ 7 —|ai}
and observe that Zgorget (Kf) = 1. O

Theorem 9. C¥(Zcc,n) = CP(Zcco,n) = 0o, Cf (Zeo,n) =n+ 1. For n > 1,
Cl(Icc,’l’L) = OQ.

Proof. Regarding C"(Zcc,n) = oo, consider the family
Ki={aN—-a,aNah—a,...,aN...\NaA-a}
———
4 times

with Icc(lci) =1.

Regarding C/(Zcc,n) = n + 1, observe that Zcoc is integer-valued. Fur-
thermore, Zeo(K) < K| as any CI partition {K7,...,K,} of K must satisfy
KiNK; # () for all 4, j and therefore n < |K|. It follows that C/ (Zcc,n) < n+1.
For Cf(Zcc,n) > n+ 1 consider for i = 0,...,n the family

K:;Z{Ch/\_‘al,...,ai/\—\ai}



with |K}| = Zee(K]) = i.
Regarding CP(Zcc,n) = oo and CY(Zoc,n) = oo for n > 1, consider the
family

’C;/ = {al, A I ¢ 7 —|a,;}
and observe that Zeo(KY) = 1. O

Theorem 10. C(Zis,n) = CP(Tis,n) = o0, Cf (Tis,n) < 2(1721) £1. Forn > 1,
C!(Tis,n) = o0

Proof. Regarding C¥(Zis,n) = CP(Zis, n) = oo, consider the family

Ki={-a,a,ana,...,aN...\Na}
~—_—

7 times
where each C; and each formula in K; mentions only a single atom, ¢ € N. Note

MI(K;) = {{—a,a},{—a,ana},....{-a,aN...Na}}

7 times

It follows that every singleton subset of MI(C;) and the empty set are the only
sets of pairwise disjoint subsets of MI(K;). Therefore Z;s(KC;) = In(i + 1).

Regarding C/ (T, n) < 2(722) 41, recall that Cf (Ty,n) = (|,},) +1 [38]:
More specifically, the number of minimal inconsistent subsets of a knowledge

base with at most n formulas is in {0,1,..., (Ln%J)}' If a knowledge base has

k minimal inconsistent subsets, i.e. [MI(K)| = k, then there are at most 2*
sets of pairwise disjoint subsets of MI(K) (if all minimal inconsistent subsets
are pairwise disjoint). Furthermore, the empty set is always a set of pairwise
disjoint subsets of MI(KC). Therefore, there are between 1 and 2* sets of pairwise
disjoint subsets of MI(K) (possibly not all values in-between are attained due
to combinatorial reasons, but we are only interested in an upper bound here).
Taking the case of a consistent knowledge base into account this shows that
¢! (Zis,n) < 2(721) 41,
Regarding C'(Zis,n) = oo for n > 1, consider the family

Ki={ai,-ay,...,a;,-a;}
and observe that Zs(K}) = In2" = iIn 2. O

We now provide proofs for the missing statements regarding the computa-
tional complexity of the measures Zp, and Zp,,, see Table 5.

Theorem 11. EXACTIDf , UPPERIDf, LOWERIDf are in PSPACE and VALUEIDf
is in FPSPACE.



Proof. Tt suffices to show that Zp, (K) can be computed in polynomial space for

all K. Note that the set of all values [MI®(K)| and [CN(K)| for i = 1,...,|K]|
can be stored in polynomial space and that Zp,(K) can be computed from
those values in polynomial space. As we can reuse space, we only need to show
that computing each [MI® ()| and |CN® (K)| for each i = 1,.. ., |K| needs at
most polynomial space. But this is clear, as we can enumerate each subset S
of cardinality i (again reusing space), perform a check whether § € MI®(K)
(or S € CN®(K)) and update some counter. Note that S € MI?(K) and
S e CNW (K) can be verified by enumerating all interpretations and checking
for satisfiability (and additionally for S € MI®)(K) checking each subset with
one element less for satisfiability). This can all be done in polynomial space. [

Theorem 12. Exacrtz, , UPPERz, , LOWERz, arein PSPACEand VALUEZ,
is in FPSPACE.

Proof. 1t suffices to show that Zp_(K) can be computed in polynomial space
for all . We now sketch an algorithm for computing Zp, (K) running in
polynomial space. For each proposition a we keep two counters ¢, and c—,
that keeps track of the number of minimal proofs we encountered for a and —a,
respectively. Note that we only need polynomial space to store these counters.
Then by reusing space we enumerate each subset S of I and check for each
proposition a whether S is a minimal proof for a and/or —a, and update the
corresponding counter. Note that checking whether a set .S is a minimal proof
for some « can be done by enumerating all interpretations (one after the other)
and checking for entailment. O



C"(Z.n) C’(Zn) CY(Zn) C?(Z,n)

Ty 2 2 2% 2
Imi [e’e] (LnT/L2J) +1 oo™ (e%e]
Zic 00 < U(n)t oo® 00
Z, 22" | < o((,2)] oo™ oo
Z. n+1 00 oo™ 00
Lme R (1ny2) 00" o
I 00 n+1 oo* 00
Ths 2"+ 1 n+1 oo™ oo™
IEalal o0 00" oo™ oo

dala | m+2 oo” [n+7)/3]"" | n+2
Thit 00 n+1 oo™ 00
Ip, 00 < W(n) oo® 00
Zp,, 00 0o oo™ 0o
Tonw n+1 oo* oo™ 00
The 00 n+1 oo™ 00

fsid oo o0 oo™ o0
Iﬁzé: 00 n+1 oo 00

f:id 00 00 oo 00
Tnese 00 n+1 oo™ 00
Iforget oo S °] oo”* o8}
Too 00 n+1 oo™ 00
T o | <2la) 41 0" 0

Table 4: Characteristics of inconsistency measures (n > 1);

*only for n > 1; **only for n > 3

T®(z) is the number of fractions in the Farey series of order x and can
be defined as ®(x) = [{k/l | | = 1,...,2,k = 0,...,1}], see e.g.
http://oeis.org/A005728

1¥(n) is the number of profiles of monotone Boolean functions of n variables,
see e.g. http://oeis.org/A220880



Exacrz UprPERz | LOWERZ VALUEZ

Za D} N coDY NP-c coNP-c FNP-c
Imi C=NP-h CNP-c CNP-c ##-coNP-c
Tic C_NP-h CNP-h CNP-h ptcoNP
7, DP-c NP-c coNP-¢ FpNPIn]
I Di-c NP-c coNP-¢ || FPNPllegnl_¢
Tone C_NP-h | CNP-c | CNP-c | #-coNP-c
Z, D5-c If-c ¥-c Fp2liogn]
Ths DP-c NP-c coNP-c FpNPllogn]
Tl DP-c NP-c coNP-c || FPNPlog~l_¢
Tmax DP-c NP-c coNP-c FpNPllog 7]
Thit | Di-c NP-c coNP-c FpNPlosnl_¢
Ip, PSPACE | PSPACE | PSPACE || FPSPACE
Zp,, PSPACE | PSPACE | PSPACE || FPSPACE
T D?-c I2-c S2c Fp=2llosn]
Toe D} IE-c SPc Fp3liogn]

i DY NP-c coNP-c ?

pue D} NP-c | coNP-c ?
TS DY NP-c | coNP-c ?
Tonese DP-c NP-c coNP-c FpNPlogn]
Trorget Di-c NP-c coNP-c || FPNPleen]_¢
Icc D% I P4 Fp¥3llogn]
T C_NP-h | CNP-c | CNP-c || #-coNP-c}

Table 5: Computational complexity of the considered inconsistency measures
(all statements are membership statements, an additionally attached “-¢” (
h”) also indicates completeness (hardness) for the class); we note that all hard-
ness results for #-coNP are under subtractive reductions; fwe show complexity
of the (minor) variation that omits subtracting one from the result; *we con-
sider here the problem variant that does not apply a logarithm on the result;

“?” indicates unknown results




